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The "“Minimal Model”

The model involves only two
compartments:

Blood Glucose compartment
Blood Insulin compartment

More complicated models introduce more
compartments: Glucose & Insulin: in the
Liver, Gl system, Kidneys, “peripherals” &
typically one compartment for Blood
Glucagon

Dr. Zvi Roth (FAU)



Why is Glucose Important?

* Glucose is the principal source of energy
for cell metabolism.

* There are other biochemical pathways
whereby other sugars, starches, fats and
proteins in the diet can be converted to
glucose.
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Glucose Sinks, once it is In the

circulatory system:

It is stored in the liver (and to a lesser degree in
muscle cells) as glycogen (a high molecular
weight polymer)

It can be lost in the urine if blood glucose

concentration rises above a threshold of about
1.8 g/l

It diffuses into insulin-sensitive cells (such as
muscle cells). Insulin assist in the diffusion by
binding with a receptor and by that activating a
glucose transport protein residing on the cell
membrane. This increases glucose permeability
up to 10-20 times.

It diffuses into non-insulin-sensitive cells such as
nerves. Dr. Zvi Roth (FAU)



Glucose Sources

* Dietary intake

* Gluconeogenesis — biochemical entities
such as glycerol, lactate and many more
are converted in complex multistep
enzymatic processes to glucose

* Breakdown of liver glycogen to glucose

— The last two groups of processes are
stimulated by the pancreatic hormone

glucagon

Dr. Zvi Roth (FAU)



The Glucoregulatory System

* Regulated by two hormones — Insulin and
Glucagon

* |t has one external input (diet) and 2
internal inputs (from the liver and through
gluconeogenesis)

* It has four sinks (liver, urine system,
Insulin-sensitive cells, non-insulin-sensitive
cells)

Dr. Zvi Roth (FAU) 7



Hormones vs. Enzymes

* All enzymes are proteins. Hormones could
be proteins or other chemicals.

 Enzymes are produced in all the cells to
facilitate chemical reactions happening in
the cells.

 Hormones are produced in special glands
(called the endocrine glands) and travel
through the blood to effect physiological
control actions at specific locations.

Dr. Zvi Roth (FAU)



Regulation Qualitative Description

When plasma glucose level is elevated, insulin
hormone secretion in the pancreas is stimulated.

As blood insulin level rises, the uptake of blood
glucose by some tissues increases.

The increased outflow of glucose from the blood
and interstitial fluid leads to a decrease of blood
glucose concentration, which produces
reduction in insulin secretion and increase in the
secretion of another hormone called glucagon.

Insulin and glucagon work in opposite ways.

Dr. Zvi Roth (FAU)



Initial Assumptions

The total volume of blood and interstitial fluids is
represented by a single large compartment
(Volume is around 15L in a normal adult).

We denote the blood glucose concentration as x.
[X]=mg/ml.
Many people are more used to [x] = mg/dl

(creating figures that are 100 times larger than
the ones used in this lecture).

Steady state: x=const. The total inflow of
glucose into the compartment must equal the
total outflow from the compartment.

Dr. Zvi Roth (FAU) 10
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Glucose Intake

* Glucose enters the
5 RenalLoss Rate blood through
de E=pwmere  absorption from the
—~inigain’ gastrointestinal tract,
/ or through production

by the liver.

:- ; « Denote input flow rate
i pa as Q, [mg/h].

Insulin = b

Insulin Destruction

Pancreatic Insulin
Rate

Production Rate
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Glucose elimination from the blood
through the kidneys

 When x is larger than

e a certain threshold 6,
oo™y — k=5 i e glucose is excreted
e l_ —> rsuin-dependent) - by the kidn eys at a
v .-" 5 rate proportional to
Panres : the gradient between
x and 8.
L—=—"Eil— . * Renalloss Rate =

U(x-0) if x>0, or O if x
< 0.
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Glucose Elimination from the Blood going to
cells through facilitated diffusion

 Glucose leaves the

blood to enter most | I

cells through e O Lo o

faC|I|tated. diffusion. J,_\lf__,1;.15;.5#3;@:&5?1.3
* |n some tissues the / ,: ;

rate of glucose
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intracellular

concentration

gradient.
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Glucose Elimination from the Blood going to
cells through facilitated diffusion

In most
circumstances we can
ignore the ICF
glucose
concentration.
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Glucose Elimination from the Blood going to
cells through insulin facilitated diffusion

 |n certain type of
el Lo e cells, such as muscle
Gueose npu_ —— Glucoe Lreenmene AN a@dipose tissue,
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Glucose Elimination from the Blood going to
cells through insulin facilitated diffusion

« Rate of glucose
uptake is proportional
to x and the blood

Glucose Input
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Blood Glucose Mass Balance

- AX+UXy X<46
_/1x+uxy+y(x—6’) X>60

L

* Above is obtained by equating the inflow to the
sum of the three outflows.

* There is a “built-in” negative feedback: If Q, is
constant, then an increase of x causes a
decrease of y, and vice versa.

Dr. Zvi Roth (FAU)
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Steady-State Relationship between

X and y (from Glucose compartment)

y:QL_iX X< 6

X

y:QL—/IX—,u(X—Q) «> 0

VX

Insulin steady-state concentration y is related to
glucose steady-state concentration x via two
continuous hyperbolic curves.

Dr. Zvi Roth (FAU) 19



Summary of Nonlinear Effects seen
so far

* Threshold effect in the kidneys

* Product effect in glucose absorption in
iInsulin-dependent cells

* Non-negativity of x and y

« Soon one more threshold effect will be
introduced related to the production of
Insulin.

Dr. Zvi Roth (FAU) 20



Insulin Production

0 Xx<Z9¢
p(X=¢) X>9¢

Insulin _ Production Rate =

* If blood glucose level x falls below a certain
threshold ¢, insulin production (at the pancreas)
ceases.

* |nsulin is produced at a rate that depends on
plasma glucose level.

Dr. Zvi Roth (FAU) 21



Insulin Destruction

Insulin _ Destruction Rate = ay

* Insulin is destroyed through a reaction involving
the insulinase enzyme.

* |t is destroyed at a rate proportional to its own
concentration in the blood.

Dr. Zvi Roth (FAU) 22



Insulin and Glucose Steady-State
Levels (for the Insulin compartment)

0 Xx<¢
V=P x—¢) x>4

94

« Equating insulin production and destruction
rates creates the above steady-state solution.

« Steady-state levels of x (glucose) and insulin (y)
are therefore related piece-wise linearly.

Dr. Zvi Roth (FAU) 23



Glucose-lnsulin Steady-State

* We can use the steady-state condition for
glucose to plot y vs. x. (It is one hyperbolic graph
for x<@ connected to another graph for x>0)

* We can use the steady-state condition for insulin
to plot y vs. x, as well (y=0 connected to a linear
graph of slope [(3/a).

* Drawing the two plots together provides a
graphic solution to the overall system steady-

state solution, as function of the input and the
system coefficients.

Dr. Zvi Roth (FAU) 24



Three Steady-State Cases
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Case A: Normal Healthy Adult

0
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Case A: Normal Adult

Typical adult
parameters:

6=2.5 mg/ml
u=7200 ml/h
A=2470 ml/h )
v=139000 (mU)'h-"
¢=0.51mg/ml

B=1430 mUmI(mg)'h-"
a=7600 ml/h
Q,=8400 mg/h o e

Dr. Zvi Roth (FAU) 57




Case A: Normal Adult

 Normal ("N” point)

Steady-state solution:

* Glucose steady-state
concentration is 0.81
mg/ml :

- Insulin steady-state ~ *
concentration is 0.055 ¢
mU/ml.

Dr. Zv
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Type-1 Diabetes

This is insulin-dependent diabetes.

The main defect is the inability of the islet cells in
the pancreas to produce sufficient amount of
insulin.

The most common form of this disorder begins
in childhood (“juvenile-onset diabetes”).

Another form of Type-1 diabetes starts at
adulthood. It is known as “ketone-prone
diabetes”.

Dr. Zvi Roth (FAU) 29



Type-2 Diabetes

* Non-insulin-dependent diabetes.

* The pancreas may be producing normal
quantities of insulin, however:

* For some reason there is a drastic
reduction in the ability of insulin to
stimulate glucose uptake by the body
tissues.

Dr. Zvi Roth (FAU)

30



Recall: Insulin and Glucose Steady-
State Levels (for the Insulin compartment)

0 Xx<¢

V=P x—¢) x>4

94

« Type-1 diabetes can be modeled by “lower-than-
normal” value of f3.

 |In the steady-state y(x) the line has a lower
slope.

Dr. Zvi Roth (FAU) 31



Case B: Type-1 Diabetes

* The simplest way
to model Type-1
diabetes is by |
lowering B (this is 020 1
the sensitivity of the
iInsulin response to

B

Insulin Concentration (mU/mL)
o
o

glucose).

 |Inthe Case B 020
example B is 4
reduced to 20% of ]
Its normal value.
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Recall: Insulin Production

0 Xx<Z9¢
p(X=¢) X>9¢

Insulin _ Production Rate =

* |nsulin is produced at a rate that depends on
plasma glucose level, which explains the lower
steady state value of blood insulin in type-1

diabetes.

Dr. Zvi Roth (FAU) 33



Case B: Type-1 Diabetes

* The new steady-
state point
(denoted as “D1")
llustrates a highly
elevated blood
glucose
concentration of
1.28 mg/ml and a
depressed plasma
iInsulin
concentration of
0.029 mU/ml.

Dr. Zv
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Recall: Blood Glucose Mass
Balance

AX+UXy X<46
L

:/1x+uxy+y(x—6’) X>6

* A simple way to model Type-2 diabetes is via
“lower-than-normal” v coefficient.

* |t causes the steady-state y(x) hyperboles to
become elevated.

Dr. Zvi Roth (FAU)
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Case C: Type-2 Diabetes

0

* The simplest way
to model Type-2
Diabetes is via 000 -

lowering the
coefficient v (the
constant that
multiplies xy in the

0.05 DI

Insulin Concentration (mU/mL)
o
o

glucose mass
balance equation)
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Case C: Type

In the shown
example (Case C)
the coefficient v
was reduced to
20% of its original
value.

The insulin curve
was left the same
as normal.

Dr. Zv
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Case C: Type-2 Diabetes

0

* Lowering of v X
causes the glucose
curve to shift away o
from the origin. L 0%

» Also local slopes of  :°"
the curve become b
steeper. § o

« The new 020 - -
equilibrium is
denoted as "D2". c
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Case C: Type-2 Diabetes

0

* D2 solution:
* Glucose
concentration iIs 000
elevated to 1.29 7|
mg/ml. T
« Insulin solution is i
also elevated to
0.146 mU/ml (3 e
times its normal
level).
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Comments about Diabetes
treatment

Type-1 diabetes is treated via injection of insulin
to the blood.

In Type-2 diabetes, obviously, there is no point
in adding any insulin.

Treatment is done by medications that enhance
glucose uptake by the body cells.

In both type-1 and type-2 diabetes the glucose
steady state value x is high. It is fast and easy to
measure x(t).

In type-1 diabetes y is low whereas in type-2
diabetes y is high.

It is not possible to measure blood insulin y in
real time. Dr. Zvi Roth (FAU) 40



Glucose Dynamic Model

dx
CGE = UMt)+Q - AXx-vXYy, X< 6

dx
CGH = UM+ Q - AX-vXy-u(x-20), X> 0

Cs Is the glucose capacitance in the
extracellular space.

U(t) represents glucose infused into the blood
stream. Dr. Zvi Roth (FAU) 41



Glucose Dynamic Model

d
CGd—)t( = UMt)+Q - AXx-vXYy, X< 6

d
CGd—)t( = UM+ Q - AX-vXy-u(x-20), X> 0

Meaning: Dynamically, the rates at which
glucose is added to or eliminated from the blood
are not equal. Only at steady-state they become

equal.
Dr. Zvi Roth (FAU) 42



Glucose Dynamic Model

d
CGd—)t( = UMt)+Q - AXx-vXYy, X< 6

d
CGd—)t( = UM+ Q - AX-vXy-u(x-20), X> 0

The above model represents a “glucose
tolerance test”.

It may become part of a control model in which
one of the controls means.s, adding glucose™. ,,



Insulin Dynamic Model

dy
C| dt = _&yﬂ XS¢
dy
C'_dt = —ay+ f(X-9), X> ¢

C, is the insulin capacitance of the extracellular
space.

In the above there is no “external insulin input” —
it can be added, as part@francontrol scheme.  «



Summary of the Dynamic Model for a glucose test

Glucose mass balance:

CGE = Ut)+Q - 4Ax-vXxy, X< 46

d
ch—)t( - UM+0Q - AX-vXy-u(x-8), x>0

Insulin mass balance:

dy
Cigt = ~aY., Xxs¢
dy
C'E = —ay+p(X-¢), X>¢

Dr. Zvi Roth (FAU) 45



Khoo's Simulink Model
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Khoo's Simulink Model :

-
- TEDD}Qf + | 25
Reabzorption
Threshalding hdu Sum1 Maximum
Operatar
2470
L_ Lambda
In |- 1 Dt
2400 + rhr+ s
+ -_—
Zlucose Input - Sum Glucose Integratar
Flow R ate um Capacitance
e :
kel 1420 *
Froduct My “ ~— 051

Threshalding Beta SUMZ  Threchold Glucose

Cperatord Concentration (Phi)

-+ 1
— Ie{- =
Out
Sum3 Inzulin Integratard

Capacitance
TEQD

Insulin Destruction Gain

47



Khoo's Simulation Result
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Modified Khoo's model (Z. Roth

I o —

] < +|——
| | | | P Product1 A Reabsorption
Relay bu [mldh] haximum Theta
Pulze Scope [mg/ml]
Generator 2470
: Ur%
Fulze of glucose, size = 1e5 Larnhd Ih
given at t=01.5 h for T=0.25 h —»- AmRda A .
o[ —- 1 N[
— e L 5 ¥0=0.81
B400 F——» v i
Add - Glucose capacitance  Integrator [mgeewl] Scopel
CL Glucose Input Add2 s Glucose
Flow Rate [mgfh)
» X 139000 ‘ — *
x =] 0.51
Product
Mu [1/{(rmlh
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In simulation 1 second represents 1 hour



Another modified model

» I [ 25
|||| o] — |« 7200 e
Product! Feabzarption
Pulse Scope? Relay MU [mlsh] Addd Maximum Theta
Seneratar 2170 [mg/ml]
LIit) disabled I_.
Fulse of glucose, size = 1e5 my Lt h
given at t=0.5 h for T=0.25 h = amboarimihl .
N —>- T J
8400 F—» ~ — -+ 5 w0=1.29
Add1 L= Glucose capacitance  Integrator [mg/ml] Scopel
QL Glucose Input Add2 e Glucose
Flow Rate [mafh]
x o -
— x | o 1 -le—]os
Product
Type-1 Bet Add3
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Insulin Injection
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Morrinal Mu Type-2 . W 1 e
[T/ (U] Severity —] - =
30 minutes action Add  Insulin Capacitance Integratorl Scope
oz ] Insulin
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| | | | = [ [mliml]
Medication Injections Strength 1fau  Integrator]
Pit) delt_nu i : p
166 for 0f25h applied every 3 hours =] nsulin Destruction Gain Alpha [mlfh]

In sirmulation 1 second represents 1 hour

otep 1: Delay the glucose test inarder to find the new equilibrium,

Step 2 Use new equilibriurm to initialize integrators and run glucose test
Step 3 Cancel glucose test and apply slow acting medication injections
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