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Joint Sensing-Channel Selection and
Power Control for Cognitive Radios

Xin Wang, Senior Member, IEEE

Abstract—We consider joint optimization for sensing-channel
selection and ensuing power control problem with cognitive
radios over time-varying fading channels. It is shown that
this joint design can be judiciously formulated as a convex
optimization problem. Optimal joint sensing-channel selection
and power control scheme is then derived in closed-form under
the constraints of average power budget and maximum allowable
probability of collisions with the primary communications. In
addition, we develop a stochastic optimization algorithm that
can operate without a-priori knowledge of the fading chan-
nel statistics. It is rigourously established that the proposed
stochastic scheme is capable of dynamically learning the intended
wireless channels on-the-fly to approach the optimal strategy
almost surely. Numerous results are also provided to evaluate the
proposed schemes for cognitive transmissions over block fading
channels.

Index Terms—Cognitive radios, sensing-channel selection,
power control, stochastic optimization.

I. INTRODUCTION

THE exponentially increasing number of wireless com-
munication systems and services has created a very

crowded spectrum over the past decade. To accommodate the
emerging wireless products and services, it is the Federal
Communications Commission’s (FCC) vision that cognitive
radios will be a promising solution to the spectrum shortage
[1]. For this reason cognitive radios have attracted growing
research interests; see [2], [3] and a bulk of the references
therein.

A critical application of cognitive radios is based on the
idea of opportunistic communication, where the secondary
cognitive users intelligently monitor the radio spectrum and
opportunistically transmit over the “spectrum holes” that are
not in use by the primary (licensed) users. To enable such
cognitive radios, one key issue is to design channel-sensing
schemes that can efficiently and accurately determine the
presence/absence of the primary users. Owing to its im-
portance, channel sensing is one of the better established
fields in cognitive radios research. With the advanced sensing
capabilities provided by the recently developed schemes [4],
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[5], [6], it is anticipated that sensing techniques are not a major
barrier to the success of cognitive radios.

With a given sensing scheme, a remaining problem is how to
adaptively select the set of channels to be sensed provided that
a cognitive radio capitalizes on opportunistic transmissions
over a large spectrum band. This problem of sensing-channel
selection was investigated in [7]. Another relevant problem
is the optimal power allocation for the cognitive radios over
the available channels that are sensed not in use by the
primary users; the topic was explored in e.g., [8], [9]. For
cognitive communications, these two problems are actually
tightly coupled. For this reason, a recent work considered the
joint design of sensing-channel selection and power control
scheme [10]. Assuming static wireless channels and a perfect
sensing scheme, this joint optimization was formulated as an
integer program (that is NP-hard). Computationally tractable
(yet suboptimal) algorithms were then developed to approxi-
mately solve the problem at hand.

Different from [10], this paper considers joint optimization
of sensing-channel selection and power control scheme for
cognitive radios over time-varying fading channels, and the
sensing errors are also taken into account. For such a more
general case, it is shown that the problem of interest can be
formulated as a convex optimization. The optimal joint sensing
selection and power control scheme is then derived under the
constraints of average power budget and maximum allowable
probability of collisions with the primary communications.
When a-priori knowledge of fading cumulative distribution
function (cdf) is available, it is shown that the optimal scheme
can be obtained using Lagrange dual-based gradient iterations
with fast convergence and linear complexity per iteration.
More interestingly, we rely on the stochastic optimization
tools to develop an on-line algorithm that can operate even
without a-priori knowledge of the fading cdf. It is rigorously
established that the proposed stochastic scheme is capable of
dynamically learning the required channel statistics on-the-fly
to approach the optimal strategy almost surely.

The rest of this paper is organized as follows. Section II
describes the network model and problem formulation. The
optimal joint sensing-channel selection and power control
solution is derived in Section III, whereas the corresponding
stochastic optimization scheme is developed in Section IV.
Numerical results are provided in Section V, followed by the
conclusions.

II. NETWORK MODEL AND PROBLEM FORMULATION

For simplicity we consider only one cognitive user who per-
forms opportunistic transmissions over 𝑀 parallel frequency
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channels with equal bandwidth 𝐵 = 1. These 𝑀 channels are
licensed to primary users and the secondary cognitive user can
access a channel 𝑚 ∈ {1, . . . ,𝑀} only when it is not utilized
by the primary users. To this end, the cognitive user senses the
channels every time interval (slot) of 𝑇 seconds. Provided that
𝑀 is a fairly large number, the cognitive user only senses a
subset of 𝐿 < 𝑀 channels per slot due to physical limitations.
The selection of sensing-channels depends on primary user
activities and the performance of the sensing scheme.

Let 𝑃𝑈,𝑚 denote the probability that the channel 𝑚 is in use
by its primary users per slot, while 𝑃𝐷,𝑚 and 𝑃𝐹,𝑚 denote the
detection probability and false alarm probability with the given
sensing scheme for primary user detection. The knowledge of
𝑃𝑈,𝑚 for the spectrum of interest can be obtained through the
recent measurements and studies conducted by the FCC and
industry; and 𝑃𝐷,𝑚 and 𝑃𝐹,𝑚 can be pre-determined for the
selected sensing scheme given the sufficient statistics for the
channels between primary users and cognitive user. Therefore,
we assume that a-priori knowledge of 𝑃𝑈,𝑚, 𝑃𝐷,𝑚 and 𝑃𝐹,𝑚

is available. Suppose neither primary nor cognitive users can
receive packets upon collision of their transmissions. Clearly a
successful cognitive transmission can be carried out at channel
𝑚 if the channel is not in use by primary users and false alarm
does not occur in this case; the probability for this event is:

𝑞𝑚 := (1 − 𝑃𝑈,𝑚)(1 − 𝑃𝐹,𝑚), ∀𝑚.

Taking into account that the cognitive user also transmits when
the channel is used by primary users but a miss detection
occurs, the total probability that it transmits at channel 𝑚 is:

𝑞𝑚 := 𝑞𝑚 + 𝑃𝑈,𝑚(1 − 𝑃𝐷,𝑚).

On the other hand, the probability that a cognitive transmission
collides with the primary communication given that the latter
occurs is clearly:

𝑞𝑚 := 1− 𝑃𝐷,𝑚, ∀𝑚.

The cognitive transmissions at the channels 𝑚 = 1, . . . ,𝑀
are subject to random fading. Assume without loss of gener-
ality that the additive Gaussian noise at the cognitive receiver
has unit variance. Let 𝛾𝑚 denote the fading channel power
gain for cognitive transmissions over channel 𝑚. Suppose that
the sensing period 𝑇 is chosen to be greater than the channel
coherence time. Then assuming a block fading channel model,
we let 𝜸 := [𝛾1, . . . , 𝛾𝑀 ]𝑇 collect the channel gains which
remain invariant over blocks (coherent time slots) but are
allowed to vary across successive blocks according to a
stationary and ergodic random process with a certain joint
cdf.

To explore the fundamental limit of cognitive radios, we
assume that the channel state information 𝜸[𝑛] is available at
the cognitive user (e.g. through training) per slot 𝑛. Adapted to
𝜸, let 𝑠𝑚(𝜸) denote the sensing-channel selection to optimize
over. Given the maximum number 𝐿 of the channels to be
sensed, we enforce the constraints: 0 ≤ 𝑠𝑚(𝜸) ≤ 1, ∀𝑚
and

∑𝑀
𝑚=1 𝑠𝑚(𝜸) ≤ 𝐿, ∀𝜸. Notice that different from [10]

where 𝑠𝑚(𝜸) can only take value 0 or 1, we allow 𝑠𝑚(𝜸)
to be a real number in [0, 1]. In other words, here 𝑠𝑚(𝜸)
stands for the probability that the channel 𝑚 is selected

to be sensed, with 𝑠𝑚(𝜸) = 0 and 𝑠𝑚(𝜸) = 1 as the
special cases for which the channel is not sensed or sensed
deterministically. Therefore, instead of limiting the sensing-
channel selection to a deterministic one, we allow at the outset
a probabilistic selection. Allowing 𝑠𝑚(𝜸) ∈ [0, 1] avoids
the NP-hard integer program in [10]. In addition, as will be
shown in the sequel, the resultant optimal selection policy
can be easily implemented in a way that ensures the physical
constraint of at most 𝐿 channels being sensed per 𝜸.

Let 𝑝𝑚(𝜸) denote the transmit-power for the opportunistic
cognitive communication over channel 𝑚 at fading realiza-
tion 𝜸. With 𝑝max being a nature power bound, we have
0 ≤ 𝑝𝑚(𝜸) ≤ 𝑝max per 𝜸. Define the sensing selection
policy 𝒔(𝜸) := [𝑠1(𝜸), . . . , 𝑠𝑀 (𝜸)] and power control policy
𝒑(𝜸) := [𝑝1(𝜸), . . . , 𝑝𝑀 (𝜸)]. The joint policy {𝒔(𝜸), 𝒑(𝜸)}
then collects the optimization variables that we want to
choose in order to maximize the throughput of the cognitive
communications subject to (s. to) constraints; i.e., we wish to
solve

max
(𝒔(𝜸), 𝒑(𝜸))∈ℱ

𝔼𝜸

[ 𝑀∑
𝑚=1

𝑠𝑚(𝜸)𝑞𝑚 log2(1 + 𝛾𝑚𝑝𝑚(𝜸))
]

s. to 𝔼𝜸

[ 𝑀∑
𝑚=1

𝑠𝑚(𝜸)𝑞𝑚𝑝𝑚(𝜸)
]
≤ 𝑃

𝔼𝜸

[
𝑠𝑚(𝜸)𝑞𝑚

]
≤ 𝜌𝑚, ∀𝑚

(1)

where 𝔼𝜸 denotes the expectation over all fading realizations,
𝑃 is the average power budget for cognitive transmissions, 𝜌𝑚
is the maximum allowable probability of collisions with the
primary communications at channel 𝑚, and we define a set

ℱ := {𝒔,𝒑 ∣
𝑀∑

𝑚=1

𝑠𝑚(𝜸) ≤ 𝐿, 0 ≤ 𝑠𝑚(𝜸) ≤ 1,

0 ≤ 𝑝𝑚(𝜸) ≤ 𝑝max, ∀𝑚, ∀𝜸}
to collect the extra constraints for {𝒔(𝜸), 𝒑(𝜸)}. Here we
assume the cognitive user can support a transmission rate up to
Shannon’s limit, and the primary user occupancy per channel
𝑚 is independently and identically distributed (i.i.d.) every
slot.

Since its objective function is not a concave function and the
average power constraint is not a convex constraint, (1) is not
a convex optimization problem. However, we next show that it
can be reformulated as a convex optimization with a variable
change. Define a new variable 𝑝𝑚(𝜸) := 𝑠𝑚(𝜸)𝑝𝑚(𝜸), and a
function

𝑟𝑚(𝑠𝑚, 𝑝𝑚) :=

{
𝑠𝑚 log2(1 + 𝛾𝑚𝑝𝑚/𝑠𝑚), 𝑠𝑚 > 0,

0, 𝑠𝑚 = 0.
(2)

We can reformulate (1) into

max
(𝒔(𝜸), 𝒑(𝜸))∈ℱ ′

𝔼𝜸

[ 𝑀∑
𝑚=1

𝑞𝑚𝑟𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸))
]

s. to 𝔼𝜸

[ 𝑀∑
𝑚=1

𝑞𝑚𝑝𝑚(𝜸)
]
≤ 𝑃

𝔼𝜸

[
𝑞𝑚𝑠𝑚(𝜸)

]
≤ 𝜌𝑚, ∀𝑚

(3)
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where the set

ℱ ′ := {𝒔,𝒑 ∣
𝑀∑

𝑚=1

𝑠𝑚(𝜸) ≤ 𝐿, 0 ≤ 𝑠𝑚(𝜸) ≤ 1,

0 ≤ 𝑝𝑚(𝜸) ≤ 𝑠𝑚(𝜸)𝑝max, ∀𝑚, ∀𝜸}.
It can be shown that 𝑟𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸)) is a jointly concave
function of 𝑠𝑚(𝜸) and 𝑝𝑚(𝜸) [11], [12]. This together with
all the constraints in (3) becoming linear constraints implies
that (3) is a convex optimization problem.

Notice that our formulation is significantly different from
[10] since we consider joint optimization of sensing-channel
selection and power control scheme for cognitive radios over
time-varying fading channels and the sensing errors are taken
into account through the constraints on allowable probability
of collisions with the primary communications. Furthermore,
we judiciously reformulate the problem into a convex opti-
mization that admits efficient solvers.

We remake that our formulation can be modi-
fied/generelized to address other cognitive radio scenarios.
For instance, instead of collision probability, in some cases
primary users may more care about the average interference
levels it receives. It is then required that the average
aggregated interference for a primary user cannot exceed an
“interference temperature” [2]. Such a requirement imposes
the constraints: 𝔼𝜸 [𝑞𝑚𝑠𝑚(𝜸)𝑝𝑚(𝜸)] ≤ 𝑣𝑚, ∀𝑚, where 𝑣𝑚
denotes the required interference temperature at channel 𝑚.
Using these constraints to replace the maximum allowable
probability constraints actually does not prevent reformulating
the problem (1) into a convex optimization. Upon defining
𝑝𝑚(𝜸) := 𝑠𝑚(𝜸)𝑝𝑚(𝜸), the new constraints become the
linear ones 𝔼𝜸 [𝑞𝑚𝑝𝑚(𝜸)] ≤ 𝑣𝑚 after change of variables.
Again a similar convex program is obtained as with (3). The
ensuing proposed approach then readily applies to derive the
optimal solution in this scenario.

III. JOINT OPTIMIZATION OF SENSING-CHANNEL

SELECTION AND POWER CONTROL

We next solve the optimization (1) using a Lagrange
dual based approach. Let 𝜆 denote the Lagrange multiplier
associated with the constraint 𝔼𝜸

[∑𝑀
𝑚=1 𝑞𝑚𝑝𝑚(𝜸)

]
≤ 𝑃 ,

and 𝝁 := [𝜇1, ..., 𝜇𝑀 ]𝑇 collect the Lagrange multipliers

associated with the constraints 𝔼𝜸

[
𝑞𝑚𝑠𝑚(𝜸)

]
≤ 𝜌𝑚, ∀𝑚.

Using the convenient notations 𝑿 := {𝒔(𝜸), 𝒑(𝜸), ∀𝜸} and
Λ := {𝜆, 𝝁}, the Lagrangian of (3) is

𝐿(𝑿,Λ) = 𝔼𝜸

[
𝑀∑

𝑚=1

𝑞𝑚𝑟𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸))

]

−𝜆

(
𝔼𝜸

[
𝑀∑

𝑚=1

𝑞𝑚𝑝𝑚(𝜸)

]
− 𝑃

)

−
𝑀∑

𝑚=1

𝜇𝑚 (𝔼𝜸 [𝑞𝑚𝑠𝑚(𝜸)]− 𝜌𝑚)

= 𝜆𝑃 +

𝑀∑
𝑚=1

𝜇𝑚𝜌𝑚 + 𝔼𝜸

[
𝑀∑

𝑚=1

{𝑞𝑚𝑟𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸))

−𝜆𝑞𝑚𝑝𝑚(𝜸)− 𝜇𝑚𝑞𝑚𝑠𝑚(𝜸)}
]

(4)

The dual problem of (3) is then

min
Λ≥0

𝐷(Λ), where 𝐷(Λ) = max
𝑿∈ℱ ′

𝐿(𝑿,Λ). (5)

Due to the convexity of (3), there is no duality gap between
primal (3) and its dual problem (5). Therefore the solution of
(3) can be obtained by solving (5) [13].

As with almost all the practical wireless propagation (e.g.,
Rayleigh, Rice and Nakagami) models, we assume at the
moment that the fading 𝜸 has a continuous joint cdf. To solve
(5), we first need to find the optimal 𝑿∗(Λ) that maximizes
𝐿(𝑿,Λ) through solving [cf. (4)]:

max
𝑿∈ℱ′ 𝔼𝜸

[ 𝑀∑
𝑚=1

{𝑞𝑚𝑟𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸))−𝜆𝑞𝑚𝑝𝑚(𝜸)−𝜇𝑚𝑞𝑚𝑠𝑚(𝜸)}
]

(6)
It is easy to see that solving (6) is equivalent to solving: ∀𝜸,

max
(𝒔(𝜸),𝒑(𝜸))∈ℱ′

𝑀∑

𝑚=1

{𝑞𝑚𝑟𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸)) − 𝜆𝑞𝑚𝑝𝑚(𝜸) − 𝜇𝑚𝑞𝑚𝑠𝑚(𝜸)}

For a given Λ, define

𝑝∗𝑚(𝜸;Λ) :=
[ 𝑞𝑚
𝜆𝑞𝑚 ln 2

− 1

𝛾𝑚

]𝑝max

0
(7)

where [⋅]𝑝max

0 denotes the projection into the interval [0, 𝑝max].
Based on 𝑝∗𝑚(𝜸;Λ), define subsequently

𝜙∗
𝑚(𝜸;Λ) := 𝑞𝑚 log2(1+𝛾𝑚𝑝∗𝑚(𝜸;Λ))−𝜆𝑞𝑚𝑝∗𝑚(𝜸;Λ), (8)

𝜑∗
𝑚(𝜸;Λ) := 𝜙∗

𝑚(𝜸;Λ)− 𝜇𝑚𝑞𝑚. (9)

Sorting all the channel indices in the decreasing order
of 𝜑∗

𝑚(𝜸;Λ), we can then obtain a permutation 𝝅 :=
[𝜋(1), . . . , 𝜋(𝑀)]𝑇 with 𝜑∗

𝜋(𝑘)(𝜸;Λ) ≥ 𝜑∗
𝜋(𝑘+1)(𝜸;Λ), ∀𝑘.

Let 𝐿′ := arg max𝑘 {𝜑∗
𝜋(𝑘)(𝜸;Λ) > 0}, i.e., it is the

maximum index in 𝝅 with a positive 𝜑∗
𝜋(𝑘)(𝜸;Λ) (𝐿′ = 0 if

the set {𝜑∗
𝜋(𝑘)(𝜸;Λ) > 0} is empty); and let 𝑙 = min{𝐿′, 𝐿}.

For convenience, we omit the dependence of 𝝅, 𝐿′ and 𝑙 on 𝜸
and Λ. We can then show the following lemma (see the proof
in Appendix A):
Lemma 1: For ergodic fading channels with continuous cdf,
the almost surely unique solution of (6) is given by: ∀𝜸,{
𝑠∗𝜋(𝑘)(𝜸;Λ) = 1, 𝑝∗𝜋(𝑘)(𝜸;Λ) = 𝑝∗𝜋(𝑘)(𝜸;Λ), 1 ≤ 𝑘 ≤ 𝑙;

𝑠∗𝜋(𝑘)(𝜸;Λ) = 𝑝∗𝜋(𝑘)(𝜸;Λ) = 0, 𝑘 > 𝑙.
(10)

Lemma 1 asserts that a greedy sensing-channel selection
per fading state 𝜸 along with a water-filling power allocation
across 𝜸 realizations constitutes with probability one (w.p.
1) the optimal solution of (6), provided that the distribution
function of the random fading channel is continuous. Indeed
𝜑∗
𝑚(𝜸;Λ) in (9) can be interpreted as a net-reward (rate

reward minus power and collision costs) for cognitive trans-
mission at channel 𝑚 over 𝜸. In order to maximize the total
net-reward, the optimal policy amounts to a two-step greedy
solution. In the first step, transmit-power 𝑝∗𝑚 is allocated
per channel across 𝛾𝑚 following a water-filling principle (7).
The value 𝜑∗

𝑚(𝜸;Λ) then represents the largest potential of
net-reward for cognitive transmission over channel 𝑚 at the
fading realization 𝜸. In the second step, the 𝑙 channels with
the largest 𝜑∗

𝑚(𝜸;Λ) are chosen to be sensed for maximum
net-reward per 𝜸. Notice that a channel 𝑚 is worth being
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sensed only when its net-reward 𝜑∗
𝑚(𝜸;Λ) exceeds zero –

the natural net-reward for no sensing and no transmission (i.e.,
𝑠𝑚 = 𝑝𝑚 = 0). Therefore the cognitive user may choose to
sense 𝑙 < 𝐿 channels when there do not exist enough channels
worthy of sensing at a 𝜸.

Using the notation 𝑿 and Λ, arrange the constraints in
(3) into a compact form: 𝒉(𝑿) ≥ 0. Then with 𝑿∗(Λ) :=
{𝒔∗(𝜸;Λ), 𝒑∗(𝜸;Λ), ∀𝜸} provided by Lemma 1 for a given
Λ, it can be shown that 𝒉(𝑿∗(Λ)) is a (sub-)gradient of
the dual function 𝐷(Λ) [14]. Therefore, the dual problem (5)
can be solved through the following (sub-)gradient descent
iteration

Λ(𝑡+ 1) =
[
Λ(𝑡)− 𝛽𝒉(𝑿∗(Λ(𝑡)))

]+
; (11)

specifically, we have

𝜆(𝑡+ 1) =
[
𝜆(𝑡) + 𝛽

(
𝔼𝜸

[ 𝑀∑
𝑚=1

𝑞𝑚𝑝∗𝑚(𝜸;Λ(𝑡))
]
− 𝑃

)]+
𝜇𝑚(𝑡+ 1) = [𝜇𝑚(𝑡) + 𝛽(𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸;Λ(𝑡))]− 𝜌𝑚)]+, ∀𝑚

(12)

where 𝛽 is a small stepsize, 𝑡 is the iteration index, and [𝑥]+ :=
max(0, 𝑥). Convergence of the iteration (12) to the optimal
Λ∗ := {𝜆∗, 𝝁∗} for (5) is guaranteed from any initial Λ(0) ≥
0 [14].

Having obtained the optimal Λ∗ for (5), the zero duality gap
between the primal (3) and the dual (5) implies that 𝑿(Λ∗),
namely, {𝒔∗(𝜸;Λ∗), 𝒑∗(𝜸;Λ∗), ∀𝜸}, yields also the optimal
solution to (3). Equivalently, upon defining

𝒑∗(𝜸;Λ∗) := {𝑠∗𝑚(𝜸;Λ∗)𝑝∗𝑚(𝜸;Λ∗), ∀𝑚},
we have {𝒔∗(𝜸;Λ∗), 𝒑∗(𝜸;Λ∗), ∀𝜸} as the solution to the
original problem (1) of interest.

Summarizing, we have established the following result:
Proposition 1: For ergodic fading channels with continuous
cdf, the almost surely optimal solution for (1) is given by
{𝒔∗(𝜸;Λ∗), 𝒑∗(𝜸;Λ∗), ∀𝜸} specified in (10), where Λ∗ can
be obtained from (12) with any initial Λ(0) ≥ 0.

Interestingly, although a probabilistic sensing-channel se-
lection was allowed at the outset, the almost surely optimal
solution in Proposition 1 dictates a deterministic selection.
This is because the event of {𝜑∗

𝑚(𝜸;Λ∗) = 𝜑∗
𝑚′(𝜸;Λ

∗) >
0, 𝑚 ∕= 𝑚′} has zero Lebesgue measure provided that 𝜸
has a continuous cdf. In other words, almost surely we do
not have any ties in {𝜑∗

𝑚(𝜸;Λ∗), ∀𝑚} and the joint sensing
selection and power control policy {𝒔∗(𝜸;Λ∗), 𝒑∗(𝜸;Λ∗)}
is unique; hence, it is almost surely optimal for all wireless
channel models including Rayleigh, Rice and Nakagami that
indeed have continuous cdfs. Also note that the optimal
policy indicates that the cognitive radio can sense less than
𝐿 channels or even not sense any channels at all when the
quality of channels are low and/or the power and collision
prices are very high. For instance, when all channels expe-
rience deep fades, i.e., 𝛾𝑚 ≤ (𝑞𝑚/𝑞𝑚)𝜆∗ ln 2, ∀𝑚, we have
𝜑∗
𝑚(𝜸;Λ∗) = −𝜇∗

𝑚𝑞𝑚 ≤ 0, ∀𝑚; hence no channel should be
sensed at this fading state.

It is worth mentioning that other convex programming
methods e.g., the interior point methods, can be also employed
to solve the formulated problem (3). Here we adopt a Lagrange

dual based approach since it allows derivation of the jointly
optimal sensing selection and power control policy in closed-
form as shown in Lemma 1. Such a solution reveals the
specific structure of the optimal sensing and power control
for cognitive radios, and thus contributes useful insight to the
field.

A. Fading with Discontinuous CDF

Proposition 1 establishes that a deterministic sensing-
channel selection is almost surely optimal for cognitive trans-
missions when fading channels have continuous distribu-
tions. This does not hold for random channels with dis-
crete distributions because now the event of having ties in
{𝜑∗

𝑚(𝜸;Λ∗), ∀𝑚}, if exists, will have non-zero measure.
Note that the discretely distributed random channels subsume
the static (i.e., deterministic) channels in [10] as a special case.

In these cases suppose first that the optimal Λ∗ is known.
Then we can define a fading region

Γ := {𝜸 ∣ 𝜑∗
𝜋(𝐿−𝑙1)

(𝜸;Λ∗) = ⋅ ⋅ ⋅ = 𝜑∗
𝜋(𝐿)(𝜸;Λ

∗) =

⋅ ⋅ ⋅ = 𝜑∗
𝜋(𝐿+𝑙2)

(𝜸;Λ∗) > 0, with 𝑙2 > 0}
and Γ𝑐 is the complementary set of Γ. It is easy to see that: (i)
∀𝜸 ∈ Γ𝑐, we have unique optimal policy specified by (10); and
(ii) ∀𝜸 ∈ Γ, we may need to consider the optimal probabilistic
sensing selection among the 𝑙1 + 𝑙2 + 1 channels {𝜋(𝐿 −
𝑙1), ⋅ ⋅ ⋅ , 𝜋(𝐿+ 𝑙2)}. Notice that the optimal transmit-power is
always 𝑝∗𝑚(𝜸;Λ∗) once a channel 𝑚 is utilized for cognitive
communications.

Recall that except for the possibly probabilistic sensing
selection among the 𝑙1+𝑙2+1 channels {𝜋(𝐿−𝑙1), ⋅ ⋅ ⋅ , 𝜋(𝐿+
𝑙2)} for 𝜸 ∈ Γ, all other channel selections are deterministic.
We can then define the average power and average collision
probabilities incurred by the deterministic parts as

𝑃 𝑑𝑒𝑡 := 𝔼𝜸∈Γ𝑐

[
𝑙∑

𝑘=1

𝑞𝜋(𝑘)𝑝
∗
𝜋(𝑘)(𝜸;Λ

∗)

]

+𝔼𝜸∈Γ

[
𝐿−𝑙1−1∑
𝑘=1

𝑞𝜋(𝑘)𝑝
∗
𝜋(𝑘)(𝜸;Λ

∗)

]

𝜌𝑑𝑒𝑡𝑚 := 𝔼𝜸∈Γ𝑐

[
𝑞𝑚𝐼𝑚∈{𝜋(1),...,𝜋(𝑙)}

]
+𝔼𝜸∈Γ

[
𝑞𝑚𝐼𝑚∈{𝜋(1),...,𝜋(𝐿−𝑙1−1)}

]
, ∀𝑚

where 𝐼𝑥 denotes the indicator function, i.e., 𝐼𝑥 = 1 if 𝑥 is
true and 𝐼𝑥 = 0 otherwise.

From the Karush-Kuhn-Tucker (KKT) optimality condition
[13], it follows that the optimal probabilistic channel selection
policy must satisfy:

𝜆∗(𝔼𝜸∈Γ[

𝐿+𝑙2∑
𝑘=𝐿−𝑙1

𝑞𝜋(𝑘)𝑠
∗
𝜋(𝑘)(𝜸;Λ

∗)𝑝∗𝜋(𝑘)(𝜸;Λ
∗)] + 𝑃 𝑑𝑒𝑡 − 𝑃 ) = 0,

𝜇∗
𝑚(𝔼𝜸∈Γ[𝑞𝑚𝐼𝑚∈{𝜋(𝐿−𝑙1),...,𝜋(𝐿+𝑙2)}𝑠

∗
𝑚(𝜸;Λ∗)] + 𝜌𝑑𝑒𝑡𝑚 − 𝜌𝑚) = 0,

0 ≤ 𝑠∗𝜋(𝑘)(𝜸;Λ
∗) ≤ 1,

𝐿+𝑙2∑
𝑘=𝐿−𝑙1

𝑠∗𝜋(𝑘)(𝜸;Λ
∗) = 𝑙1 + 1, ∀𝜸 ∈ Γ.

The unknowns in these linear equations are
{𝑠∗𝜋(𝑘)(𝜸;Λ∗), 𝑘 ∈ [𝐿 − 𝑙1, 𝐿 + 𝑙2], ∀𝜸 ∈ Γ} (note
that the permutation 𝝅 and the numbers 𝑙1 and 𝑙2 depend
on 𝜸). For a discrete distribution, the random fading 𝜸
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takes on a finite number of values; hence we have a finite
number of unknowns. In fact typically the set Γ is empty
or contains a small number of fading realizations, and thus
the number of unknowns, if any, is small. Therefore the
optimal probabilistic channel selection at 𝜸 ∈ Γ can be easily
found by solving a linear program with a constant objective
function and the foregoing linear constraints via existing
efficient algorithms (e.g., Matlab function linprog(⋅)). Once
this is found, the optimal sensing selection and power control
strategy is determined. We note that a similar approach is
also adopted for optimum orthogonal multiple access over
fading channels using quantized channel state information in
an independently developed work [15].

To specify the optimal policy, a remaining problem is to
obtain the optimal Λ∗. Interestingly, this can still be done
using the (sub-)gradient iteration (12). For a given Λ, the
permutation 𝝅 is possibly not unique (due to the ties) for
some 𝜸, and thus the solution to (6) is not unique provided
that the random fading has a discontinuous cdf. However, it
can be shown that 𝒉(𝑿∗(Λ)) for any given solution 𝑿∗(Λ)
of (6) is a sub-gradient of the dual function 𝐷(Λ). Therefore,
the iteration (12) can be still run to obtain Λ∗ if a vanishing
stepsize e.g., 𝛽𝑡 = 1/(𝑡+ 1) is adopted [14].

Another problem is practical implementation of the prob-
abilistic channel selection. Recall that the physical limitation
of cognitive user allows at most 𝐿 channel to be sensed per
time slot. To enforce this limitation, we can implement the
following probabilistic selection among 𝑙1 + 𝑙2 + 1 chan-
nels {𝜋(𝐿 − 𝑙1), . . . , 𝜋(𝐿 + 𝑙2)}. Suppose that the derived
probabilities of choosing individual channels are {Pr(𝜋(𝐿 −
𝑙1)), . . . ,Pr(𝜋(𝐿+𝑙2))} and a set of 𝑙1+1 channels needs to be
selected per slot. Clearly we have 𝑁𝑐 := (𝑙1+𝑙2+1)!

(𝑙1+1)!𝑙2!
possible

sets of 𝑙1 + 1 channels selected from a total of 𝑙1 + 𝑙2 + 1
channels. Let 𝑥𝑖, 𝑖 = 1, . . . , 𝑁𝑐, denote the probability of
selecting a specific set 𝒮𝑖. Then we set the following 𝑙1+𝑙2+1
equations for the 𝑁𝑐 unknowns:

∑
𝑖: 𝜋(𝑘)∈𝒮𝑖

𝑥𝑖 = Pr(𝜋(𝑘)),
𝑘 = 𝐿− 𝑙1, . . . , 𝐿+ 𝑙2. Again, solving a linear program with a
constant objective function and the foregoing linear constraints
can yield the desirable probabilities 𝑥𝑖, 𝑖 = 1, . . . , 𝑁𝑐;
then in accordance with these probabilities a set of 𝑙1 + 1
channels is randomly selected for sensing.1 With channels
{𝜋(1), . . . , 𝜋(𝐿 − 𝑙1 − 1)} deterministically selected and ad-
ditional 𝑙1 + 1 channels selected in the probabilistic manner,
the number of sensing-channels obey the physical limitation
of at most 𝐿 channels being sensed per slot.

IV. STOCHASTIC OPTIMIZATION SCHEME

In the previous section we showed that the optimal joint
sensing selection and power control strategy can be efficiently
obtained using the dual gradient iteration (12). To this end, we
would need the knowledge of fading channel cdf since only
with the latter can we evaluate the related expected values
𝔼𝜸 per iteration. This is meaningful, especially for theoretic

1For instance, suppose we need to select two channels from channels 1–3
with the probabilities of choosing a particular channel being {1/2, 2/3, 5/6}.
Assuming the desirable probabilities of selecting {1, 2}, {1, 3} and {2, 3}
are 𝑥, 𝑦 and 𝑧, respectively. Then we set 𝑥 + 𝑦 = 1/2, 𝑥 + 𝑧 = 2/3 and
𝑦+𝑧 = 5/6. Solving these equations yield 𝑥 = 1/6, 𝑦 = 1/3 and 𝑧 = 1/2.
These probability values are then used for channel selection.

studies in e.g., [11]. However, practical mobile applications
also motivate on-line schemes that can operate even without
knowing fading cdf since this knowledge is seldom available
in closed-form a priori in practice.

Interestingly, this can be achieved through a stochastic opti-
mization paradigm [16], [17], [18]. Relying on this approach,
a stochastic gradient iteration can be developed based on (12)
to solve (3) without the fading cdf a priori. To this end, we
consider dropping 𝔼𝜸 from (12), and replacing the iteration
index 𝑡 with the (coherent time) slot index 𝑛, to devise the
on-line iterations based on per slot fading realization 𝜸[𝑛]:

�̂�[𝑛+ 1] =
[
�̂�[𝑛] + 𝛽

( 𝑀∑
𝑚=1

𝑞𝑚𝑝∗𝑚(𝜸[𝑛]; Λ̂[𝑛])− 𝑃
)]+

�̂�𝑚[𝑛+ 1] =
[
�̂�𝑚[𝑛] + 𝛽

(
𝑞𝑚𝑠∗𝑚(𝜸[𝑛]; Λ̂[𝑛])− 𝜌𝑚

)]+
, ∀𝑚

(13)

where hats are to stress that these iterations are stochastic
estimates of those in (12), based on instantaneous (instead of
average) powers and collisions. As with (11), we can re-write
(13) into:

Λ̂[𝑛+ 1] =
[
Λ̂[𝑛]− 𝛽�̂�

(
𝜸[𝑛];𝑿∗(Λ̂[𝑛])

)]+
(14)

where �̂�(𝜸[𝑛];𝑿∗(Λ̂[𝑛])) is the stochastic gradient depending
on current fading realization 𝜸[𝑛]. Provided that the random
fading process is stationary and ergodic, it is clear that
𝔼[�̂�(𝜸;𝑿∗(Λ))] = 𝒉(𝑿∗(Λ)); i.e., stochastic gradient �̂� is a
random realization (or an unbiased estimate based on a single
realization) of the “ensemble” gradient 𝒉. To show the near-
optimality of the joint sensing-channel selection and power
control scheme {𝒔∗(𝜸[𝑛]; Λ̂[𝑛]), 𝒑∗(𝜸[𝑛]; Λ̂[𝑛])} that results
from the stochastic iteration (13), we define the sequence

𝑔[𝑛] :=
𝑀∑

𝑚=1

𝑞𝑚 log2(1 + 𝛾𝑚[𝑛]𝑝∗𝑚(𝜸[𝑛]; Λ̂[𝑛])).

As a benchmark, we denote the optimal throughput for (1) as

𝑔∗ := 𝔼𝜸

[ 𝑀∑
𝑚=1

𝑠∗𝑚(𝜸;Λ∗)𝑞𝑚 log2(1 + 𝛾𝑚𝑝∗𝑚(𝜸;Λ∗))
]
.

Upon defining a constant

𝐵 := 𝑃 2 + (𝐿𝑝max)
2 +

𝑀∑
𝑚=1

(𝑞2𝑚 + 𝜌2𝑚),

we can then show the following lemma (see the proof in
Appendix B):
Lemma 2: For ergodic fading channels, we have

lim
𝑁→∞

𝔼

[ 1
𝑁

𝑁−1∑
𝑛=0

𝑔[𝑛]
]
≥ 𝑔∗ − 𝛽

𝐵

2
(15)

from any finite initial Λ̂[0].
Lemma 2 asserts that the expected value of the time

average of 𝑔[𝑛] resulting from the proposed stochastic scheme
converges to a point with optimality gap smaller than 𝛽𝐵/2,
through “learning” the required channel statistics on-the-fly.
The proof of this lemma modifies from the Lyapunov op-
timization method in [18]. Yet different from [18] where a
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“virtual queue” argument was used to regulate the related
constraints, here we rely on the Lagrange dual approach to
deal with constraints and thus simplify the proof.

It is meaningful to characterize the mean of a stochastic
process across different realizations as in Lemma 2. However,
since in practice a single sequence is observed, it is thus more
interesting to show the convergence of the individual sample
paths. To this end, we can define 𝑔[𝑁 ] := (1/𝑁)

∑𝑁−1
𝑛=0 𝑔[𝑛],

and prove the following proposition:
Proposition 2: For ergodic fading channels, the time average

lim
𝑁→∞

𝑔[𝑁 ] = lim
𝑁→∞

1

𝑁

𝑁−1∑
𝑛=0

𝑔[𝑛] ≥ 𝑔∗ − 𝛽
𝐵

2
, a.s. (16)

for any sample path {Λ̂[𝑛], 𝑛 = 0, 1, . . .}.
Stemming from Lemma 2, Proposition 2 is implied by the

Markov property of the dual vector Λ̂[𝑛] and ergodicity of
the fading process. The proof follows similar lines with that
of [19, Theorem 1 (ii)], and it is omitted for conciseness.
Associated with different sample paths {Λ̂[𝑛], 𝑛 = 0, 1, . . .},
the time average limit lim𝑁→∞ 𝑔[𝑁 ] is a random variable.
Proposition 2 shows that all realizations of this random vari-
able have an optimality gap smaller than 𝛽𝐵/2 almost surely.
Clearly we can make this gap arbitrarily small by selecting a
sufficiently small stepsize 𝛽.

Note that convergence of the stochastic scheme (14) could
be proved in different senses using other methods. For in-
stance, convergence of the stochastic iteration (14) to Λ∗ in
probability as 𝛽 → 0 can be established through the fluid limit
and/or Lyapunov drift techniques when the traffic and fading
process confines to a finite-state Markov process [16], [17].
Such a convergence can be also proved by drawing from a
stochastic locking theorem, which justifies that the trajectory
of the primary system (14) is always “locked”, i.e. stays close
to that of its averaged system (11) in probability under some
regularity conditions; see our recent work [20]. Different from
these approaches, here we provide a simpler and (arguably)
stronger proof on almost sure optimality of the stochastic
optimization schemes.

Based on Proposition 2, we put forth a stochastic sensing
selection and power control algorithm:

∙ Initialize with any Λ̂[0].
∙ Repeat per slot 𝑛: with Λ̂[𝑛] and 𝜸[𝑛] available, per-

form joint sensing selection and power control policy
{𝒔∗(𝜸[𝑛]; Λ̂[𝑛]), 𝒑∗(𝜸[𝑛]; Λ̂[𝑛])} in (10), and update
Λ̂[𝑛+ 1] using (14).

Note that in the proof of Proposition 2 we do not have
assumptions on continuity of the fading cdf and/or uniqueness
of {𝒔∗(𝜸[𝑛]; Λ̂[𝑛]), 𝒑∗(𝜸[𝑛]; Λ̂[𝑛])}. The proposition thus
holds for both continuous and discontinuous fading cdf cases.
For both cases, the cognitive user needs only to obtain a
(possibly non-unique) permutation 𝝅 for the given 𝜸[𝑛] and
Λ̂[𝑛], and then sense first 𝑙 channels in 𝝅 as specified in (10)
per slot 𝑛. It is easy to see that this operation has a linear
computational complexity 𝒪(𝑀) in the number of channels.

Near-optimality of the proposed algorithm is confirmed by
Proposition 2 when fading channels are stationary and er-
godic. Due to its “stochastic learning” capability, the proposed
stochastic iteration can actually track even non-stationary

channels, if dynamic changes of the channel statistics are slow
with respect to the convergence speed of the proposed scheme.
In this case, the algorithm may “re-learn” the changed channel
statistics and converge to the new optimum.

V. NUMERICAL RESULTS

In this section, we present numerical tests of the proposed
stochastic scheme for cognitive communications. Suppose that
the cognitive user can perform opportunistic transmissions
over 𝑀 = 32 frequency channels, each of which has band-
width 𝐵 = 1 KHz and the channel coherence time 𝑇 = 1
ms. Due to physical limitations, the cognitive user can only
sense 𝐿 = 8 channels per coherence time slot 𝑇 . The
fading processes for the channels are independent and are
generated from a Nakagami distribution with corresponding
average channel power gain 𝛾𝑚 and Nakagami parameter 𝑎𝑚.
The value of 𝛾𝑚 in dBW is a uniformly distributed random
integer between 5 and 10, whereas the value of 𝑎𝑚 is a
uniformly distributed random number within [1, 2], ∀𝑚. The
probabilities 𝑃𝑈,𝑚 of channel 𝑚 in use by primary users
are independently generated from a uniform distribution over
[0.2, 0.6]. Assume that the channel gains from the primary
users to the cognitive user over all 𝑀 channels are Rayleigh
distributed with variance 𝑆𝑁𝑅𝑝. Then for a pre-determined
false alarm probability 𝑃𝐹,𝑚 = 𝛼, it is easy to show that the

corresponding detection probability 𝑃𝐷,𝑚 = 𝛼
1

1+𝑆𝑁𝑅𝑝 given
that the additive Gaussian noise at the cognitive user has a
unit variance.

Setting 𝛼 = 0.05, 𝑆𝑁𝑅𝑝 = 15 dB, ∀𝑚 and using a stepsize
𝛽 = 0.001, we run the proposed stochastic algorithm when
the average power budget 𝑃 = 10 Watts and the maximum
allowable probability of collision 𝜌𝑚 = 0.06, ∀𝑚. Fig. 1
depicts the evolutions of the achieved average throughput 𝑔[𝑛]
as well as the average power consumption and the probabilities
of collisions with the primary users. Fast convergence is
clearly seen and all constraints are met upon convergence.
Notice that the fading cdf is assumed unknown a priori in the
simulation, and the proposed stochastic scheme is supposed to
learn this knowledge on-the-fly. For this reason, here only a
“stochastic” convergence is achieved. In other words, 𝑔[𝑛] only
converges to a small neighborhood (with a size proportional
to 𝛽) around the optimal value 𝑔∗ per Proposition 2.

To gauge the performance of the proposed scheme, we
compare it with three (suboptimal) heuristic schemes. For
all these three schemes, the cognitive user senses a fixed
set of 𝐿 = 8 channels with the smallest 𝑃𝑈,𝑚. (Another
fixed sensing option could consists of 𝐿 = 8 channels with
the highest 𝛾𝑚; however, this option is not feasible here
since channel statistics are assumed not available a priori.)
Based on such a fixed sensing selection, we implement the
following three schemes: 1) a fixed-sensing/optimal-power
scheme where the transmit-powers are optimally allocated
across fading realizations over the given set of 𝐿 = 8 channels
and all time slots subjective to the average power budget 𝑃
(it can be easily shown that this amounts to a “water-filling”
type power allocation); 2) a fixed-sensing/equal-power scheme
where 𝑃 are equally divided among the active communications
per slot, i.e., if after sensing 𝑙 ∕= 0 channels are found not in
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Fig. 1. Independent fading case: evolutions of the achieved average
throughput, average power consumption and probabilities of collisions (dashed
lines indicate the constraints 𝑃 = 10 Watts and 𝜌𝑚 = 0.06).

use by primary users at a given slot, the power for transmission
over each channel is 𝑃/𝑙; and 3) a fixed-sensing/fixed-power
scheme where transmit-power is fixed at 𝑃/𝐿 per transmis-
sion per slot. Fig. 2 compares the achieved throughput of
cognitive transmissions with the proposed scheme and the
three heuristic schemes when different average power budgets
𝑃 are adopted. Notice that the requirements on maximum
allowable probabilities of collisions are not guaranteed for
the three heuristic schemes. Despite this, the derived optimal
scheme significantly outperforms the heuristic schemes for
all 𝑃 since it is capable of fully exploiting all the spectral
and temporal diversity on channel fading and primary user
activity. The fixed-sensing schemes ignore part of spectral
diversity and thus have performance loss. Compared with the
fixed-sensing/optimal-power scheme, the fixed-sensing/equal-
power scheme ignores more spectral and temporal diversity.
However, the resultant performance loss is small. This is
consistent with the prior finding that the gain from optimal
(water-filling type) channel-adaptive power allocation is small
in medium and large SNR cases. The fixed-sensing/fixed-
power scheme causes noticeable extra performance loss due
to under-utilization of the power budget. When only a small
number 𝑙 < 𝐿 of channels are sensed idle and then utilized for
transmissions, the total transmit-power for the cognitive user at
this given slot is (𝑙/𝐿)𝑃 < 𝑃 as the power per transmission is
fixed at 𝑃/𝐿. This clearly incurs loss in achieved throughput.
Overall Fig. 2 clearly demonstrates that the derived optimal
joint sensing selection and power control scheme can result in
large performance gains over heuristic schemes.

To show the performance of the proposed scheme under
different channel fading scenario, we next consider the cogni-
tive radio transmits based on orthogonal frequency division
multiplexing (OFDM), where the frequency channels are
provided by the 32 subcarriers, each with sub-bandwidth 1
KHz. For cognitive user’s wireless link, assume a light-of-sight
channel gain of 5 dBW. A profile of 20 𝜇𝑠 exponentially and
independently decaying tap gains is then generated indepen-
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Fig. 2. Independent fading case: comparison with suboptimal schemes.
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Fig. 3. Correlated fading case: evolutions of the achieved average throughput,
average power consumption and probabilities of collisions (dashed lines
indicate the constraints 𝑃 = 10 Watts and 𝜌𝑚 = 0.06).

dently across coherent time slots. Different from the previous
case, fading coefficients over the subcarriers determined by the
Fourier transform of the time-domain impulse responses are
correlated. Again setting 𝛼 = 0.05, 𝑆𝑁𝑅𝑝 = 15 dB, ∀𝑚 and
using a stepsize 𝛽 = 0.001, we run the proposed stochastic
algorithm when 𝑃 = 10 Watts and 𝜌𝑚 = 0.06, ∀𝑚. Fig. 3
depicts the evolutions of the achieved average throughput 𝑔[𝑛]
as well as the average power consumption and the probabilities
of collisions with the primary users, where fast convergence
is also seen and all constraints are met upon convergence.
Throughput comparison between the proposed scheme and
the aforementioned three heuristic schemes is shown in Fig. 4,
when different average power budgets 𝑃 are adopted. Again it
is corroborated that the derived optimal joint sensing selection
and power control scheme has large performance gains over
heuristic schemes.
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Fig. 4. Correlated fading case: comparison with suboptimal schemes.

VI. CONCLUDING REMARKS

We have investigated the joint optimization of sensing-
channel selection and power control scheme with the cognitive
radios over time-varying fading channels. The optimal strategy
was derived under the constraints of average power budget and
maximum allowable probability of collisions with the primary
communications, for both cases that the fading channels have
continuous and discontinuous cdfs. In addition, we developed
a stochastic optimization algorithm that can operate without
a-priori knowledge of the fading channel statistics. It was
rigorously established that the proposed stochastic scheme ap-
proaches the optimal strategy almost surely for any stationary
and ergodic fading channels.

For simplicity the current work considers only a single
cognitive user. Generalization of our results to the cognitive
networks with multiple users is under investigation. It is also
interesting to incorporate the temporal/spectral correlation (if
known) of fading process and that of the primary user activity
(e.g., a Markov modulated ON-OFF model for primary user
channel occupancy process in [21]) into the proposed frame-
work for joint optimization of sensing selection and power
control. Furthermore, practical channel estimation/feedback
schemes for cognitive radios and their impact on the proposed
sensing and power control strategy are worth further investi-
gations. These directions will be explored in future work.

APPENDIX

A. Proof of Lemma 1

Let us define a convenient notation

𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆) := 𝑞𝑚𝑟𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸))−𝜆𝑞𝑚𝑝𝑚(𝜸).
(17)

To prove the lemma, we will need the following two claims.
Claim A.1: For any Λ ≥ 0, it holds that
𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆) ≤ 𝑠𝑚(𝜸)𝜙∗

𝑚(𝜸;Λ), ∀𝑠𝑚(𝜸) ∈ [0, 1]
and ∀𝑝𝑚(𝜸) ∈ [0, 𝑝max].

Proof: Consider the following two cases:

1) If 𝑠𝑚(𝜸) > 0, substituting (2) into (17) yields

𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆)

= 𝑠𝑚(𝜸)𝑞𝑚 log2

(
1 + 𝛾𝑚

𝑝𝑚(𝜸)

𝑠𝑚(𝜸)

)
− 𝜆𝑞𝑚𝑝𝑚(𝜸)

= 𝑠𝑚(𝜸) [𝑞𝑚 log2(1 + 𝛾𝑚𝑝𝑚(𝜸))− 𝜆𝑞𝑚𝑝𝑚(𝜸)]

where we use 𝑝𝑚(𝜸) := 𝑠𝑚(𝜸)𝑝𝑚(𝜸). Due to the
concavity of log2 function, it is easy to see that
𝑞𝑚 log2(1 + 𝛾𝑚𝑝𝑚(𝜸)) − 𝜆𝑞𝑚𝑝𝑚(𝜸) is maximized by
𝑝∗𝑚(𝜸;Λ) defined in (7); i.e., ∀𝑝𝑚(𝜸) ∈ [0, 𝑝max],

𝑞𝑚 log2(1 + 𝛾𝑚𝑝𝑚(𝜸))− 𝜆𝑞𝑚𝑝𝑚(𝜸)

≤ 𝑞𝑚 log2(1 + 𝛾𝑚𝑝∗𝑚(𝜸;Λ))− 𝜆𝑞𝑚𝑝∗𝑚(𝜸;Λ)

= 𝜙∗
𝑚(𝜸;Λ)

where the equality is due to the definition of
𝜙∗
𝑚(𝜸;Λ) in (8). It thus readily follows that

𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆) ≤ 𝑠𝑚(𝜸)𝜙∗
𝑚(𝜸;Λ), ∀𝑝𝑚(𝜸) ∈

[0, 𝑝max].
2) If 𝑠𝑚(𝜸) = 0, it clearly holds that 𝑠𝑚(𝜸)𝜙∗

𝑚(𝜸;Λ) = 0.
On the other hand, (17) and (2) imply that
𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆) = −𝜆𝑞𝑚𝑝𝑚(𝜸) ≤ 0,
∀𝑝𝑚(𝜸) ≥ 0. Therefore, again 𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆) ≤
𝑠𝑚(𝜸)𝜙∗

𝑚(𝜸;Λ), ∀𝑝𝑚(𝜸) ∈ [0, 𝑝max].

Cases 1) and 2) imply that 𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆) ≤
𝑠𝑚(𝜸)𝜙∗

𝑚(𝜸;Λ), ∀𝑠𝑚(𝜸), 𝑝𝑚(𝜸). □
Claim A.2: For any Λ ≥ 0, it holds that

𝑀∑
𝑚=1

𝑠𝑚(𝜸)𝜑∗
𝑚(𝜸;Λ) ≤

𝑙∑
𝑘=1

𝜑∗
𝜋(𝑘)(𝜸;Λ),

∀𝑠𝑚(𝜸) ∈ [0, 1] with
∑𝑀

𝑚=1 𝑠𝑚(𝜸) ≤ 𝐿.

Proof: Consider the following two cases:

1) If 𝑙 = min{𝐿′, 𝐿} = 𝐿 ≤ 𝐿′, then it follows from the
definition of 𝐿′ that 𝜑∗

𝜋(𝐿)(𝜸;Λ) > 0. In turn we have

𝑙∑
𝑘=1

𝜑∗
𝜋(𝑘) −

𝑀∑
𝑚=1

𝑠𝑚𝜑∗
𝑚

=
𝐿∑

𝑘=1

[(1− 𝑠𝜋(𝑘))𝜑
∗
𝜋(𝑘)]−

𝑀∑
𝑘=𝐿+1

𝑠𝜋(𝑘)𝜑
∗
𝜋(𝑘)

≥
𝐿∑

𝑘=1

[(1− 𝑠𝜋(𝑘))𝜑
∗
𝜋(𝐿)]−

𝑀∑
𝑘=𝐿+1

𝑠𝜋(𝑘)𝜑
∗
𝜋(𝐿)

= 𝜑∗
𝜋(𝐿)

(
𝐿−

𝑀∑
𝑘=1

𝑠𝜋(𝑘)

)
≥ 0

where the first inequality is due to the definition of the
permutation 𝝅 and 𝑠𝜋(𝑘) ∈ [0, 1], ∀𝑘; whereas the sec-
ond inequality is due to 𝜑∗

𝜋(𝐿) > 0 and
∑𝑀

𝑘=1 𝑠𝜋(𝑘) ≤
𝐿.

2) If 𝑙 = min{𝐿′, 𝐿} = 𝐿′ < 𝐿, then the definition of 𝐿′
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implies that 𝜑∗
𝜋(𝑘)(𝜸;Λ) ≤ 0, ∀𝑘 > 𝑙. We then deduce

𝑙∑
𝑘=1

𝜑∗
𝜋(𝑘) −

𝑀∑
𝑚=1

𝑠𝑚𝜑∗
𝑚

=

𝑙∑
𝑘=1

[(1− 𝑠𝜋(𝑘))𝜑
∗
𝜋(𝑘)]−

𝑀∑
𝑘=𝑙+1

𝑠𝜋(𝑘)𝜑
∗
𝜋(𝑘)

≥
𝑙∑

𝑘=1

[(1− 𝑠𝜋(𝑘))𝜑
∗
𝜋(𝑘)] ≥ 0

where the first inequality is due to 𝑠𝜋(𝑘) ≥ 0 and
𝜑∗
𝜋(𝑘) ≤ 0, ∀𝑘 > 𝑙; whereas second inequality is due

to 𝑠𝜋(𝑘) ≤ 1 and 𝜑∗
𝜋(𝑘) > 0, ∀𝑘 ≤ 𝑙.

Cases 1) and 2) readily prove the claim. □
Based on Claims A.1 and A.2, we are ready to prove the

lemma. Using 𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆) defined in (17), we find
that the objective per 𝜸 in (6) is

𝑀∑
𝑚=1

[𝜙𝑚(𝑠𝑚(𝜸), 𝑝𝑚(𝜸);𝜆)− 𝜇𝑚𝑞𝑚𝑠𝑚(𝜸)]

≤
𝑀∑

𝑚=1

{𝑠𝑚(𝜸)[𝜙∗
𝑚(𝜸;Λ)− 𝜇𝑚𝑞𝑚]}

=

𝑀∑
𝑚=1

𝑠𝑚(𝜸)𝜑∗
𝑚(𝜸;Λ) ≤

𝑙∑
𝑘=1

𝜑∗
𝜋(𝑘)(𝜸;Λ)

where the first inequality is due to Claim A.1, the second
equality is due to the definition of 𝜑∗

𝑚(𝜸;Λ) in (9), and
the third inequality is due to Claim A.2. Furthermore, the
equalities can be achieved using the joint sensing selection
and power control scheme {𝒔∗(𝜸;Λ), 𝒑∗(𝜸;Λ)} specified in
(10), which is thus optimal for (6).

To show the almost sure uniqueness of (10), we can substi-
tute (7) into (9) and then differentiate 𝜑∗

𝑚(𝜸;Λ) to prove that
the first derivative ∂𝜑∗

𝑚(𝜸;Λ)
∂𝛾𝑚

is positive when 𝜑∗
𝑚(𝜸;Λ) > 0.

This implies that 𝜑∗
𝑚(𝜸;Λ) is a strictly increasing function

of 𝛾𝑚 when it is greater than zero. Therefore, the event of
{𝜑∗

𝑚(𝜸;Λ) = 𝜑∗
𝑚′(𝜸;Λ) > 0,𝑚 ∕= 𝑚′} is an event of

Lebesgue measure zero provided that 𝜸 has a continuous cdf.
This in turn implies that almost surely we do not have any
ties for {𝜑∗

𝑚(𝜸;Λ), ∀𝑚} and the permutation 𝝅 is unique.
Under the latter case, the joint sensing selection and power
control policy (10) is clearly unique. The desired almost sure
uniqueness readily follows.

B. Proof of Lemma 2

Using the fact that projections reduce length and the short-
hand notations 𝑝∗𝑚[𝑛] := 𝑝∗𝑚(𝜸[𝑛]; Λ̂[𝑛]) and 𝑠∗𝑚[𝑛] :=

𝑠∗𝑚(𝜸[𝑛]; Λ̂[𝑛]) , we have from (13) that

(�̂�[𝑛+ 1])2 ≤ [�̂�[𝑛] + 𝛽(

𝑀∑
𝑚=1

𝑞𝑚𝑝∗𝑚[𝑛]− 𝑃 )]2

≤ (�̂�[𝑛])2 + 2𝛽�̂�[𝑛](

𝑀∑
𝑚=1

𝑞𝑚𝑝∗𝑚[𝑛]− 𝑃 )

+ 𝛽2(

𝑀∑
𝑚=1

𝑞𝑚𝑝∗𝑚[𝑛]− 𝑃 )2

≤ (�̂�[𝑛])2 + 2𝛽�̂�[𝑛](

𝑀∑
𝑚=1

𝑞𝑚𝑝∗𝑚[𝑛]− 𝑃 )

+ 𝛽2((𝐿𝑝max)
2 + 𝑃 2).

Similarly, we have: ∀𝑚,

(�̂�𝑚[𝑛+ 1])2 ≤(�̂�𝑚[𝑛])2 + 2𝛽�̂�𝑚[𝑛](𝑞𝑚𝑠∗𝑚[𝑛]− 𝜌𝑚)

+ 𝛽2(𝑞2𝑚 + 𝜌2𝑚).

Define the functions

𝑉 (Λ̂) := �̂�2 +

𝑀∑
𝑚=1

�̂�2
𝑚,

△𝑉 (Λ̂[𝑛]) := 𝑉 (Λ̂[𝑛+ 1])− 𝑉 (Λ̂[𝑛]).

Then we readily have

△𝑉 (Λ̂[𝑛]) ≤ 𝛽2𝐵 + 2𝛽
[
�̂�[𝑛](

𝑀∑
𝑚=1

𝑞𝑚𝑝∗𝑚[𝑛]− 𝑃 )

+

𝑀∑
𝑚=1

�̂�𝑚[𝑛](𝑞𝑚𝑠∗𝑚[𝑛]− 𝜌𝑚)
]

Taking expectation over all fading realizations at slot 𝑛, we
have:

𝔼[△𝑉 (Λ̂[𝑛])] ≤ 𝛽2𝐵

+ 2𝛽
[
�̂�[𝑛]

( 𝑀∑
𝑚=1

𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸; Λ̂[𝑛])𝑝∗𝑚(𝜸; Λ̂[𝑛])]− 𝑃
)

+

𝑀∑
𝑚=1

�̂�𝑚[𝑛](𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸; Λ̂[𝑛])]− 𝜌𝑚)
]

Subtracting 2𝛽𝔼[𝑔[𝑛]] from the both sides, we would have:

𝔼[△𝑉 (Λ̂[𝑛])]− 2𝛽𝔼[𝑔[𝑛]] ≤ 𝛽2𝐵 − 2𝛽𝔼[𝑔[𝑛]]

+ 2𝛽
[
�̂�[𝑛]

( 𝑀∑
𝑚=1

𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸; Λ̂[𝑛])𝑝∗𝑚(𝜸; Λ̂[𝑛])]− 𝑃
)

+

𝑀∑
𝑚=1

�̂�𝑚[𝑛](𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸; Λ̂[𝑛])]− 𝜌𝑚)
]

= 𝛽2𝐵 − 2𝛽𝐿(𝑿∗(Λ̂[𝑛]), Λ̂[𝑛]), (18)

where 𝐿(𝑿,Λ) is the Lagrangian function defined in (4).
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Since 𝑿∗(Λ̂[𝑛]) maximizes 𝐿(𝑿, Λ̂[𝑛]) for all 𝑿 ∈ ℱ ′,
we have:

𝐿(𝑿∗(Λ̂[𝑛]), Λ̂[𝑛]) ≥ 𝐿(𝑿∗(Λ∗), Λ̂[𝑛])

= 𝑔∗ − �̂�[𝑛](

𝑀∑
𝑚=1

𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸;Λ∗)𝑝∗𝑚(𝜸;Λ∗)]− 𝑃 )

−
𝑀∑

𝑚=1

�̂�𝑚[𝑛](𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸;Λ∗)]− 𝜌𝑚) ≥ 𝑔∗,

where the first inequality is due to 𝑿(Λ∗) ∈ ℱ ′, and the
second inequality is due to �̂�[𝑛] ≥ 0, �̂�𝑚[𝑛] ≥ 0 and 𝑿(Λ∗)
must satisfy the constraints: 𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸;Λ∗)𝑝∗𝑚(𝜸;Λ∗)] ≤
𝑃 and 𝔼𝜸 [𝑞𝑚𝑠∗𝑚(𝜸;Λ∗)] ≤ 𝜌𝑚, ∀𝑚.

Therefore, it follows from (18) that

𝔼[△𝑉 (Λ̂[𝑛])]− 2𝛽𝔼[𝑔[𝑛]] ≤ 𝛽2𝐵 − 2𝛽𝑔∗.

This implies that

𝑁−1∑
𝑛=1

𝔼[△𝑉 (Λ̂[𝑛])]− 2𝛽
𝑁−1∑
𝑛=0

𝔼[𝑔[𝑛]]

= 𝔼[𝑉 (Λ̂[𝑁 ])]− 𝑉 (Λ̂[0])− 2𝛽
𝑁−1∑
𝑛=0

𝔼[𝑔[𝑛]]

≤ 𝑁(𝛽2𝐵 − 2𝛽𝑔∗).

Since 𝔼[𝑉 (Λ̂[𝑁 ])] ≥ 0, we further have:

1

𝑁

𝑁−1∑
𝑛=0

𝔼[𝑔[𝑛]] ≥ 𝑔∗ − 𝛽
𝐵

2
− 𝑉 (Λ̂[0])

2𝛽𝑁
.

For any finite Λ̂[0], it then clearly follows that

lim
𝑁→∞

𝔼

[ 1
𝑁

𝑁−1∑
𝑛=0

𝑔[𝑛]
]
≥ 𝑔∗ − 𝛽

𝐵

2
.
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