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Abstract—In this paper we consider the energy-efficient resource allocation that minimizes a general cost function of
average user powers for small- or medium-scale wireless sensor networks, where the simple time-division multiple-access
(TDMA) is adopted as the multiple access scheme. A class of
so-called β-fair cost functions is derived to balance the tradeoff between efficiency and fairness in energy-efficient designs.
Based on such cost functions, optimal channel-adaptive resource
allocation schemes are developed for both single-hop and multihop TDMA sensor networks. Relying on stochastic optimization
tools, we further develop stochastic resource allocation schemes
which are capable of dynamically learning the intended wireless
channels and converging to the optimal benchmark without a
priori knowledge of channel fading distribution function.
Index Terms—Energy efficiency, fairness, resource allocation,
stochastic optimization.

I. I NTRODUCTION

W

IRELESS sensor networks (WSNs) are a type of adhoc wireless networks where a collection of sensor
nodes form a network without established infrastructure. Wireless sensors in these networks are typically powered by small
batteries that cannot be replaced or recharged in a convenient
way. To prolong the operating lifetime of networks, energy
efficiency has emerged as a critical issue and energy-efficient
resource allocation designs have been extensively pursued in
[1]–[5]. To maximize the network lifetime, it is also important
to fairly distribute energy consumption among the user nodes.
However, this was seldom addressed in those prior works.
In order to maximize the utility of transmit-rates, it was
shown that a class of α-fair utility functions proposed by
[6] can nicely balance rate-efficiency and fairness, and it
has proven success in development of the network utility
maximization (NUM) paradigm [7], [8]. Notwithstanding their
success, the α-fair utility functions cannot quantify the cost
of resource usage; thus they cannot be employed to devise a
scheme for fair energy-efficient resource allocation considered
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here. Based on the related insight, this paper derives a family
of what we call β-fair cost functions, Vβ (·) = (1+β)−1 (·)1+β ,
for use in energy-efficient designs. It is shown that proper
selection of these functions can balance energy efficiency
and fairness. Different from the α-fair utility functions (1 −
α)−1 (·)1−α in [6], these functions are convex (instead of
concave). Using such a cost function with β = 0, we have
a sum-power minimization problem which seeks the most
energy-efficient (even if unfair) resource allocation, as in [1],
[2], [3]. With a larger β, the resultant resource allocation
becomes fairer; and with β → ∞, the solution approaches
the min-max allocation which is deemed the fairest in multihop networking [9].
Relying on the β-fair cost functions, we then develop fair
energy-efficient resource allocation schemes for a small-scale
wireless sensor network, for which time-division multipleaccess (TDMA) is a simple and efficient scheme to eliminate
interference [3]. For such networks, it is established that the
optimal (fair and energy-efficient) resource allocation schemes
can be derived through a novel greedy water-filling approach.
When the fading cumulative distribution function (CDF) is
known a priori, it is shown that the optimal schemes can be
obtained using dual-based iterations with fast convergence and
linear complexity per iteration. In addition, when the fading
CDF is unknown, stochastic approximation is employed to develop on-line (stochastic) resource allocation algorithms which
can dynamically learn the underlying channel distribution and
converge to the optimal benchmarks.
Our approach is then generalized to TDMA based multi-hop
sensor networks. In this case, it is shown that optimal resource
allocation again follows the greedy water-filling principle. The
corresponding stochastic scheme is also developed to learn the
fading statistics in order to approach optimal energy efficiency
on-the-fly.
The rest of the paper is organized as follows. Section II
briefly describes the network and channel models. Section III
derives the β-fair cost functions. Sections IV and V develop
fair energy-efficient resource allocation schemes for singlehop and multi-hop TDMA sensor networks, respectively.
Numerical results are provided in Section VI to demonstrate
the merits of the proposed schemes and delineate the energyefficiency and fairness tradeoff through selection of different
cost functions. Section VII presents some concluding remarks.
II. N ETWORK AND C HANNEL M ODELS
In a wireless sensor network, a fusion center is required to
collect data from the connected sensors in order to perform
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Fig. 1.
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Wireless network topologies.

certain tasks. As with the emerging IEEE 802.15.4 standards,
the network topologies can be broadly classified into two
categories: i) single-hop topology, where every sensor node
communicates directly with the fusion center; and ii) multihop topology, where sensor nodes rely on multi-hop relaying
to deliver their data to the fusion center; see Fig. 1. Both
topologies will be addressed in the paper.
For small- and medium-scale wireless sensor networks
considered in this paper, TDMA is a simple and efficient
scheme to eliminate interference [3]. In a TDMA sensor
network, data packet transmissions from the sensors are slot
based. Without loss of generality, we assume that the available
bandwidth is B = 1 and the additive white Gaussian noise at
every receiver has unit variance. For a link, say l, let γl denote
the fading channel gain and thus the normalized receive signalto-noise ratio (SNR). A wireless block fading channel model
is adopted, where γl remains invariant over blocks (coherent
time slots) but is allowed to vary across successive blocks
according to a stationary and ergodic random process with a
continuous joint CDF. Based on the current channel state, the
optimally energy-efficient policy wishes to allocate time and
power resources among links. More details on the system and
channel models will be specified for the single- and multi-hop
setups in Sections IV and V, respectively.
III. T HE β-FAIR C OST F UNCTIONS
We next derive a class of “fair” cost functions to address the essential tradeoff between energy efficiency and
fairness, which is critical to network lifetime maximization,
but was largely overlooked in existing solutions. In general,
the notion of fairness characterizes how competing user links
share (usually limited) resources. In the literature fairness
has been defined in different ways. Recently, the so-called
α-fairness has received growing attention, and has proven
success in development of the well-known NUM paradigm
[7]. Specifically, it was shown that a maximizer of the α-fair
utility functions satisfies the definition of α-fair allocation.
Here α-fair utility function refers to a family of functions
parameterized by α ≥ 0 [6]:

(·)1−α /(1 − α), for α = 1,
(1)
Uα (·) =
log(·),
for α = 1.
With the utility function Uα (x), the “marginal utility gain”
(i.e., the first derivative) Uα (x) = 1/xα decreases as x

increases (when α > 0). Hence, the priority for a user-link,
which has already received large amount of resource, to be
allocated more resource will be low. That way, the (α-)fairness
among user-links is achieved. The notion of α-fairness includes max-min fairness (with α → ∞) [9], proportional
fairness (with α = 1) [10], and throughput maximization (with
α = 0) as special cases. Larger α means more fairness.
The α-fair utility function Uα (x) in (1) is a concave and
increasing function. Using Uα (x) to quantify the benefit
of allocated user rates, we can formulate a convex utility
maximization problem to efficiently devise fair and efficient
resource allocation schemes [7]. Notwithstanding their success, the α-fair utility functions cannot quantify the cost of
resource usage; therefore they cannot be employed to devise
the fair energy-efficient resource allocation considered in this
paper. For the latter purpose, we propose a novel class of βfair cost functions parameterized by β ≥ 0:
Vβ (·) = (·)1+β /(1 + β).

(2)

Different from Uα (·), Vβ (·) is a convex (instead of concave)
and increasing function.
Using Vβ (·), we can consider minimizing the total power
cost for a power allocation p := [p1 , . . . , pJ ]T :
min
p

J


Vβ (pj ),

subject to (s. to)

p∈P

(3)

j=1

where P denotes the convex, closed and compact feasible set
for p. Since Vβ (pj ) is a convex function of pj , clearly the
problem (3) is a convex optimization problem. Noting that
Vβ (p) = pβ , the optimal vector of powers p∗ for (3) must
hold for any other feasible vector p that [11]:
J

(p∗j )β (pj − p∗j ) ≥ 0.

(4)

j=1

Based on the latter, we define the β-fairness as follows.
Defintion 1: A feasible vector p∗ is β-fair if it satisfies (4).
It is clear that with β = 0 (and thus V0 (pj ) = pj ), the
problem (3) becomes the sum-power minimization problem
which seeks the most energy-efficient (even if unfair) resource
allocation, as in [1], [2], [3]. When β > 0, the “marginal cost
gain” for Vβ (pj ) is Vβ (pj ) = (pj )β , which increases as pj
increases. Therefore, in order to minimize the total cost, the
user-link that have consumed small amount of power will be
favored; hence, the β-fairness is achieved.
Since the marginal cost gain Vβ (pj ) = (pj )β also increases
as β increases, it implies that with a larger β, the resultant
resource allocation for (3) becomes fairer. This is rigorously
corroborated by the following result proved in Appendix A.
Proposition 1: The β-fair power vector approaches the minmax fair power vector as β → ∞.
Proposition 1 establishes that as β → ∞, the solution for
(3) approaches the min-max allocation which is sometimes
deemed the fairest in multi-hop networking [9]. Parameterized
by β ≥ 0, the novel class of β-fair functions here can
balance overall energy costs with user-link fairness. They can
form a foundation for fair energy-efficient designs that are
important for prolonging the network lifetime. To a broader
scope, these functions can also provide guidelines for fair
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resource allocation designs under other important criteria such
as minimization of delay or bit-error-rate (BER) costs.

IV. S INGLE -H OP N ETWORKS
Relying on the β-fair cost functions, we first develop fair
energy-efficient resource allocation schemes for a TDMA
based single-hop sensor network; see Fig. 1 (a). In this
network, assume that there are L active wireless sensor links.
With γl denoting the fading channel gain for the lth link, the
channel state is described by the vector γ := [γ1 , . . . , γL ]T .
Based on γ, the optimally energy-efficient policy is to allocate time and power resources among links. For such a
fading TDMA channel, fundamental limits of energy-efficient
communications have been explored in our recent work [12],
where optimal resource allocation schemes were developed to
minimize the weighted sum of average powers. Building on
the latter, we consider here fair energy-efficient designs by
minimizing the β-fair cost functions of average powers.
At the outset, we allow each slot to be shared by multiple
links over non-overlapping time fractions τl , l = 1, . . . , L.
Supposing without loss of generality that each slot has unit
duration,
these non-negative fractions τl must clearly satisfy
L
τ
≤
1. Given τl and transmit-power pl , the maximum
l=1 l
instantaneous rate (Shannon capacity) of the lth link is

τl log2 (1 + γl pl /τl ), τl > 0
cl (τl , pl ) =
(5)
0,
τl = 0.
Adapted to γ, the time-sharing and power vectors to optimize over are τ (γ) := [τ1 (γ), . . . , τL (γ)]T and p(γ) :=
[p1 (γ), . . . , pL (γ)]T . Notice that once optimal τ ∗ (γ) and
p∗ (γ) are found, it follows from (5) that the optimal rate
allocation is determined as rl∗ (γ) = cl (τl∗ (γ), p∗l (γ)). To
guarantee a sufficient amount of data obtained by the fusion
center from the sensors, let a := [a1 , . . . , aL ]T collect the
minimum average data arrival rates that the L active links need
to maintain. Then we consider finding a resource allocation
minimizing total cost of average powers p̄ := [p̄1 , . . . , p̄L ]T
under the rate constraints; i.e., we wish to solve
min

0≤p̄≤pmax , (τ (·),p(·))∈F

L


Vβ (p̄l )

l=1

s. to p̄l ≥ Eγ [pl (γ)] , ∀l
Eγ [cl (τl (γ), pl (γ))] ≥ al , ∀l

(6)

where pmax is a natural power bound, Eγ stands for the
expectation over all fading realizations, and for notational
brevity, we define a set
L

F = {τ , p | τl (γ) ≥ 0, pl (γ) ≥ 0, ∀l;
τl (γ) ≤ 1}
l=1

to collect trivial conditions on time τ and power allocation p.
Since Vβ (p̄l ) is a convex function of p̄l and it has been
established in [12] that cl (τl (γ), pl (γ)) is a jointly concave
function in τl (γ) and pl (γ), it follows that (6) is a convex
optimization problem which can be efficiently solved using a
Lagrange dual based approach. Let λ := [λ1 , . . . , λL ]T collect
the Lagrange multipliers associated with the constraints p̄l ≥
Eγ [pl (γ)], and μ := [μ1 , . . . , μL ]T collect the multipliers for
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Eγ [cl (τl (γ), pl (γ))] ≥ al . Then with the convenient notations
X := {p̄, τ (·), p(·)} and Λ := {λ, μ}, the Lagrangian
function of (6) is


Vβ (p̄l ) +
λl (Eγ [pl (γ)] − p̄l ) +
L(X, Λ) =
l


=

l

l

Eγ

l

μl (al − Eγ [cl (τl (γ), pl (γ))])
μl al +






(Vβ (p̄l ) − λl p̄l ) +

l



(λl pl (γ) − μl cl (τl (γ), pl (γ))) (7)

l

The dual function is then given by
D(Λ) = min L(X, Λ)

(8)

X

and the dual problem of (6) is
max D(Λ).

(9)

Λ≥0

Due to the convexity of (6), there is no duality gap between
(6) and its dual problem (9). Therefore, the solution of (6) can
be obtained by solving (9) [11].
To this end, we need to first solve the problem in (8). This
amounts to solving two types of decoupled subproblems. The
first ones aim to solve ∀l [cf. (7)],
min

0≤p̄l ≤pmax

Vβ (p̄l ) − λl p̄l .

(10)

From the definition of Vβ , it is clear the solution to (10) is
pmax

pmax 
−1
p̄∗l (Λ) = Vβ (λl )
= (λl )1/β
(11)
0

0

[·]p0max

where
denotes the projection onto the interval [0, pmax ].
The second subproblem associated with (τ , p) is [cf. (7)]



min
Eγ
(λl pl (γ) − μl cl (τl (γ), pl (γ))) . (12)
(τ (·),p(·))∈F

l

The next lemma proved in Appendix B shows that the optimal
time and power allocation for (12) follows a greedy policy
([x]+ := max{0, x}):
Lemma 1: For each fading realization γ, consider per link l
the power allocation
p̃∗l (γ; Λ) =

μl
1
−
λl ln 2 γl

+

(13)

and subsequently what we term the link quality indicator
φ∗l (γ; Λ) = λl p̃∗l (γ; Λ) − μl log2 (1 + γl p̃∗l (γ; Λ)).

(14)

Then for ergodic fading channels with continuous CDF, the
almost surely unique solution of (12) yields the optimal time
and power allocation per γ as

τl∗∗ (γ; Λ) = 1, p∗l∗ (γ; Λ) = p̃∗l∗ (γ; Λ),
(15)
τl∗ (γ; Λ) = p∗l (γ; Λ) = 0, ∀l = l∗ (γ; Λ)
where l∗ (γ; Λ) = arg minl=1,...,L φ∗l (γ; Λ).
Basically, Lemma 1 asserts that a “winner-takes-all” assignment per fading state γ along with a water-filling power
allocation across γ realizations constitutes with probability
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one (w.p. 1) the optimal solution of (12), provided that
the distribution function of the random fading channel is
continuous. Regarding λl as a power price and μl as rate
reward value, φ∗l (γ; Λ) in (14) can be interpreted as a net
cost (power cost minus rate reward) for link l over γ. The
optimal resource allocation for (12) should minimize the total
net cost across users per γ. As illustrated in Fig. 2, this then
amounts to a greedy water-filling solution, where power and
time allocations are decoupled.
In the first step, transmit-power p̃l := pl /τl during the active
time fraction τl > 0, is allocated per user across γ following
a water-filling principle (13). The link quality indicators
φ∗l (γ; Λ) in (14) then represent the smallest potential of net
cost when allocating the entire time slot to link l at the fading
realization γ. In the second step, the entire time slot is greedily
assigned to the “winner” link l∗ (γ; Λ) for minimum net cost
per γ.
Relying on solutions in (11) and (15), we can then solve
the dual problem (9) using the following gradient iterations
(indexed by t): ∀l, in (16) where s is a small stepsize. Convergence of gradient iteration (16) to optimal Λ∗ := {λ∗ , μ∗ }
is guaranteed from any initial Λ(0), and convergence rate is
linear (geometric) under conditions [15].
Having obtained the optimal Λ∗ for (9), the zero duality gap
between the primal (6) and dual (9) then implies that replacing
Λ with Λ∗ in (11) and (15) provides the optimal average
power vector as well as optimal time and power allocation for
(6).
It is clear that the optimally energy-efficient resource allocation (τ ∗ (γ; Λ∗ ), p∗ (γ; Λ∗ )) is a greedy one as dictated
by Lemma 1. This greedy scheme can effectively exploit the
capacity of random wireless channels for energy efficiency
since it “water-fills” the available power resources across γ
realizations, with higher power (and rate) assigned to higher
quality links. This ensures the optimum utilization of the
temporal diversity that random fading brings. In addition,
the “winner-takes-all” time-slot assignment specified in (15)
captures also the multi-user diversity through intelligently
scheduling a user-link with a “best” channel enabling the
smallest net cost per slot. It is worth clarifying that the term
“winner-takes-all” should not be misunderstood. Although
one winner is chosen per coherent time slot, the optimally
scheduled winner (as well as its assigned power) varies across
fading realizations. In this spirit, all the available fading
diversities and the ergodic energy efficiency of the intended
wireless channels are obtained by the proposed scheme.
Note that although the time slots were allowed to be time
shared by multiple links at the outset, the almost surely
optimum solution dictates no sharing. In fact, the “winnertakes-all” policy here subsumes three cases: (i) no transmission
when all links experience deep fades, i.e., γl ≤ (λ∗l ln 2)/μ∗l ,
∀l;1 (ii) transmission over the single winner-link if φ∗l (γ; Λ∗ )
admits a unique minimizer; and (iii) transmission over a
randomly chosen winner-link if φ∗l (γ; Λ∗ ) has multiple minima. Continuity of channel CDF ensures that having multiple
winner-links, i.e., case (iii), is an event of Lebesgue measure
zero. Thus, the pair (τ ∗ (γ; Λ∗ ), p∗ (γ; Λ∗ )) is almost surely
1 In

this case, p̃∗l (γ; Λ∗ ) = 0 from (13), ∀l, implying all links defer.

unique; and hence, it is almost surely optimal for all wireless,
e.g., Rayleigh, Rice and Nakagami, channel models.
The gradient iteration (16) is efficient to find the optimally
energy-efficient (and fair) resource allocation for (6). A key
knowledge we need in (16) is the channel CDF, only with
which we can evaluate the expected values Eγ encountered.
Assumption of known fading CDF may be reasonable for
theoretic studies in e.g., [12]. However, practical mobile
applications motivate resource allocation schemes that can
operate even without the knowledge of channel CDF, while
approaching the optimal strategy by “learning” the required
channel statistics on-the-fly. Interestingly, a stochastic gradient
iteration can be developed based on (9) to solve (6) without
the channel CDF a priori. To this end, we consider dropping
Eγ from (16), to devise the on-line iterations based on per
slot fading realization γ[n] as:
“
”
λ̂l [n + 1] = λ̂l [n] + s · p∗l (γ[n]; Λ̂[n]) − p̄∗l (Λ̂[n]) ,
“
”
μ̂l [n + 1] = μ̂l [n] + s · al − cl (τl∗ (γ[n]; Λ̂[n]), p∗l (γ[n]; Λ̂[n]))
(17)

where hats are to stress that these iterations are stochastic
estimate of those in (16), based on instantaneous (instead of
average) powers and rates. Provided that the random fading
process is stationary and ergodic, the stochastic gradient
iteration (17) and the “ensemble” gradient iteration (16) then
consist of a pair of primary and averaged systems [16].
In fact, the proposed stochastic gradient iteration (17)
belongs to the same class as the well-documented least-meansquare (LMS) algorithm in adaptive signal processing [16].
Convergence of such a stochastic iteration can be established
by a stochastic locking theorem, which justifies that the
trajectory of the so-called primary system (17) is always
“locked”, i.e., stays close to, that of its averaged system
(16) in probability under some regularity conditions (primarily
stochastic Lipschitz conditions for system perturbations), if a
small stepsize s is used [16]. It can be confirmed that these
regulation conditions are satisfied for the primary and averaged
systems of the wireless setup here, provided that the random
fading channel has continuous CDF. In other words, we can
show that (the proof mimics the counterparts in our recent
works [13], [14], and is omitted for conciseness):2
Lemma 2: For ergodic fading channels with continuous CDF,
if the primary system (16) and its averaged system (17) are
initialized with Λ̂[0] ≡ Λ[0], then it holds over any time
interval T that
max

1≤n≤T /s

Λ̂[n] − Λ[n] ≤ cT (s)

w.p. 1 ,

(18)

with cT (s) → 0 as the stepsize s → 0.
Since convergence of iteration (16) to Λ∗ is guaranteed, the
trajectory locking then implies that iteration (17) converges
also to the optimal Λ∗ , and thus the energy-efficient resource allocation (τ ∗ (γ[n]; Λ̂[n]), p∗ (γ[n]; Λ̂[n])) approaches
the globally optimal one for (6) on-the-fly.
Relying on (17), we can then put forth a simple stochastic
resource allocation algorithm.
2 The

lemma is indeed a variant of [16, Theorem 9.1] with our notations.
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λl (t + 1) = λl (t) + s · (Eγ [p∗l (γ; Λ(t))] − p̄∗l (Λ))
μl (t + 1) = μl (t) + s · (al − Eγ [cl (τl∗ (γ; Λ(t)), p∗l (γ; Λ(t)))])
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The greedy water-filling approach.

Algorithm 1: On-line stochastic gradient iterations:
initialize with any Λ̂[0];
repeat on-line: with Λ̂[n] and γ[n] available
per slot n, resource is allocated according to
(τ ∗ (γ[n]; Λ̂[n]), p∗ (γ[n]; Λ̂[n])) given by (15), and
Λ̂[n + 1] is updated using (17).
In Algorithm 1, we need to obtain the optimal
(τ ∗ (γ[n]; Λ̂[n]), p∗ (γ[n]; Λ̂[n])) for the given Λ̂[n] and γ[n]
per slot. Recall that this can be accomplished by a greedy
water-filling approach in Lemma 1 with a linear computational
complexity O(L). To further appreciate the significance of
this low-complexity algorithm, we stress the following result
implied by Lemma 3 and convergence of (16).
Proposition 2: For stationary and ergodic fading channels with continuous CDF, the time and power allocation
(τ ∗ (γ[n]; Λ̂[n]), p∗ (γ[n]; Λ̂[n])) in Algorithm 1 converges to
the globally optimal one for (6) in probability.
Solving the power-cost minimization problem (6) on-line,
Algorithm 1 is clearly a desirable approach to obtain fair
energy-efficient resource allocation. Convergence of Algorithm 1 is confirmed by Proposition 2 when fading channels
are stationary and ergodic. Note that due to its “stochastic
learning” capability, the proposed stochastic iteration can also
track even non-stationary channels (induced by e.g., significant
sensor mobility) by “re-learning” the varying channels and
converging to the new optimum. This makes the proposed
scheme more attractive for practical mobile applications.

aki . (For data fusion, if flow k denotes the flow originated at
sensor k, then we should have akk > 0, and aki = 0, ∀i = k.)
In this network, sensors rely on multi-hop transmissions to
deliver packets to the fusion center. To this end, Ni can select
k
for transmitting kth flow’s packets to Nj .
an average rate rij
To support the arrival rate aki , a flow conservation equation
 k
should be satisfied such that the total input rate aki + j rji
 k
is not greater than the scheduled total output rate
j rij ,
 k
k
i.e., aki ≤
(r
−
r
).
Let
γ
:=
{γ
,
∀ij}
collect
all
ij
ij
ji
j
the fading channel gains. Consider now the average rates
k
of all flows k traversing the link Ni → Nj , for which
rij
the ergodic information capacity Eγ [cij (τij (γ), pij (γ))] is
determined by (5) for the given time and power allocation
policy τ (γ) := {τij (γ), ∀ij} and p(γ) := {pij (γ), ∀ij}.
Since the information capacity dictates the achievable
 k rate
k
must satisfy:
limit, clearly the average rates rij
k rij ≤
Eγ [cij (τij (γ), pij (γ))]. Upon selecting
a
cost
function
V (p̄i )

for the average power p̄i = Eγ [ j pij (γ)] spent by sensor
Ni , our energy-efficient design is then to minimize the total
power cost by solving the following problem:

Vβ (p̄i )
min
X∈B

i

⎡

s. to p̄i = Eγ ⎣
aki ≤






⎤
pij (γ)⎦ , ∀i

j

(19)

k
k
(rij
− rji
), ∀i, k

j
k
rij

≤ Eγ [cij (τij (γ), pij (γ))] , ∀i, j

k

V. M ULTI -H OP N ETWORKS
We now consider a multi-hop wireless sensor network
comprising J nodes {Ni }Ji=1 ; see Fig. 1 (b). Terminal Ni
wishes to deliver packets for data flows indexed by k. For
every flow k, packet arrives at node Ni with average rates

k
where X := {p̄i , rij
, τij (γ), pij (γ), ∀i, j, k} collects the
optimization variables, and the set

k
, τij (γ), pij (γ) | 0 ≤ p̄i ≤ pmax ;
B := p̄i , rij


k
0 ≤ rij ≤ rmax ; τij (γ), pij (γ) ≥ 0,
τij (γ) ≤ 1
ij
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denotes the feasible set for X, with pmax and rmax being the
natural upperbounds for powers and rates.
Notice that if the routing is determined a priori, the vector
k
X does not need to contain all the possible p̄i , rij
and
(τij (γ), pij (γ)), but needs only the ones that appear in the
given routes. The formulation in (19) is in fact quite general.
In addition to data fusion, it can be also easily suited for other
applications varying from multi-access, to unicast, multicast,
broadcast and a mixture of them. Since TDMA is adopted
here, there is no interference among the multi-hop links, and
a sensor node will not simultaneously transmit and receive.
Due to the convexity of Vβ (·) and concavity of cij (·, ·),
the problem (19) is a convex optimization problem, which
can be solved using a Lagrange dual approach. Let Λ :=
{λi , μki , νij , ∀i, j, k} collect the related Lagrange multipliers. The Lagrangian function of (19) is (20).
To find the optimal X ∗ (Λ) that minimizes L(X, Λ), we
need to solve the three types of decoupled subproblems (21),
(22), (23).
with
(11), the optimal solution to (21) is: p̄∗i (Λ) =
pmax
 As1/β
(λi )
, ∀i. The optimal solution to the linear program
0
(22) is: ∀i, j, k,

0,
if μkj − μki + νij > 0,
k∗
rij (Λ) =
(24)
rmax , if μkj − μki + νij < 0.
And the optimal resource allocation (τ ∗ (γ; Λ), p∗ (γ; Λ)) per
γ for (23) is clearly a greedy policy given by (15) with l
replaced by ij, and λl ≡ λi , μl ≡ νij .
As with (16), we can then obtain the optimal Λ∗ via the
gradient iterations in (25). From (25), we can further develop
the stochastic gradient iterations based on per slot fading
realization γ[n] as in (26).
It can be shown that the gradient iteration (25) converges to
the optimal Λ∗ from any initial Λ[0]. The stochastic locking
theorem further implies the “trajectory locking” between the
stochastic iteration (26) and its averaged system (25), for the
stepsize s sufficiently small. Hence, the iteration (26) converges also to Λ∗ in probability, and consequently, the energyefficient resource allocation (τ ∗ (γ[n]; Λ̂[n]), p∗ (γ[n]; Λ̂[n]))
approaches the globally optimal one for (19).
Based on (26), an on-line algorithm similar to Algorithm 1
can be proposed for multi-hop sensor networks. This algorithm
is capable of learning the fading channel statistics in order to
approach the optimal resource allocation on-the-fly. It is thus
well suited for the harsh (mobile) wireless sensor network
environments.
VI. N UMERICAL R ESULTS
In this section, we present numerical tests of the proposed
stochastic schemes for TDMA sensor networks with system
bandwidth B = 100 KHz and slot duration Ts = 1 ms.
Consider first a single-hop network with L = 4 active
wireless sensor links. The fading processes for the links are independent and γl , l = 1, . . . , 4, are generated from a Rayleigh
distribution with variance γ̄l . The average normalized SNR
for the links are assumed to be γ̄1 = 8, γ̄2 = 6, γ̄3 = 4,
and γ̄4 = 2 dBW. All the links need to maintain a minimum
average rate al = 100 Kbps, ∀l. Using a stepsize s = 0.001,

Fig. 3. Resultant average sum and individual powers for the single-hop case.

we run Algorithm 1 when different β-fair cost functions are
adopted in (6). Fig. 3 (top) shows the resultant average sumpower, whereas Fig. 3 (bottom) shows the individual average
power consumptions by links 1–4 for β=0, 4, 8, and 16. When
β=0, we indeed minimize the sum of average powers in (6),
and thus in this case Algorithm 1 yields the most energyefficient resource allocation. However, this could be achieved
in an unfair manner, as witnessed by Fig. 3 (bottom) where
link 4 consumes much more power than link 1. With a larger
β, it is shown that more total power needs to be spent but
the fairness improves. For instance, when β=16, all links
consume almost same average powers but compared with the
β=0 case, 27% more total power is spent. For comparison,
Fig. 3 also includes the resultant power consumptions for a
suboptimal fixed-access scheme, where equal time fractions
(i.e., τl (γ) = 1/4,, ∀l, ∀γ) are assigned to the four links per
slot, and then each link implements water-filling based power
allocation (across fading realizations) to adapt its transmitpower per assigned time fraction. Since such a fixed-access
scheme ignores the multi-user diversity, more than 3 times
total power is required than the derived optimal resource
allocation scheme. In addition, fairness is also overlooked. Fig.
3 clearly demonstrates that the proposed schemes can result
in large power savings, whereas different β-fair cost functions
can nicely trade off overall energy efficiency and fairness.
The fading CDF is assumed unknown a priori in all simulations, and the the proposed stochastic scheme is supposed
to learn this knowledge on-the-fly and approaches the optimal
resource allocation policy. To confirm this, Fig. 4 depicts the
evolution of the Lagrange multipliers μ̂l and λ̂l in (17) when
β = 4. Convergence of the iterations is clear. Notice that here
only a “stochastic” convergence is achieved. In other words,
the Lagrange multipliers only converge to, or hover within,
a small neighborhood (with a size proportional to stepsize s)
around the optimal values.
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L(X, Λ)

=



Vβ (p̄i ) +

i

+




νij

=

ik

⎛

⎡

λi ⎝Eγ ⎣



i



ij





pij (γ)⎦ − p̄i ⎠ +

j



⎛
μki ⎝aki −



⎞
k
k ⎠
(rij
− rji
)

j

ik



k
rij
− Eγ [cij (τij (γ), pij (γ))]

k

μki aki +

⎞

⎤
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⎡
(Vβ (p̄i ) − λi p̄i ) + Eγ ⎣

i

⎤





(λi pij (γ) − νij cij (τij (γ), pij (γ)))⎦ +

ij

k
(μkj − μki + νij )rij

ijk

(20)
min

Vβ (p̄i ) − λi p̄i

(21)

min

k
(μkj − μki + νij )rij

(22)

0≤p̄i ≤pmax
k ≤r
0≤rij
max

min

(τ (·),p(·))∈F



Eγ

ij

⎡

⎛

λi (t + 1) = λi (t) + s · ⎝Eγ ⎣



μki (t + 1) = μki (t) + s · ⎝aki −
νij (t + 1) = νij (t) + s ·

⎤

(23)

⎞

p∗ij (γ; Λ(t))⎦ − p̄∗i (Λ(t))⎠

j

⎛




(λi pij (γ) − νij cij (τij (γ), pij (γ))) .



⎞
k∗
k∗
(rij
(Λ(t)) − rji
(Λ(t)))⎠

(25)

j



k∗
rij
(Λ(t))

−







Eγ cij (τij∗ (γ; Λ(t)), p∗ij (γ; Λ(t)))

k

⎛
λ̂i [n + 1] = λ̂i [n] + s · ⎝



⎛

⎞
p∗ij (γ[n]; Λ̂[n]) − p̄∗i (Λ̂[n])⎠

j

μ̂ki [n + 1] = μ̂ki [n] + s · ⎝aki −

ν̂ij [n + 1] = ν̂ij [n] + s ·



⎞
∗

∗

k
k
(rij
(Λ̂[n]) − rji
(Λ̂[n]))⎠

j



k∗
rij
(Λ̂[n])

(26)


−

cij (τij∗ (γ[n]; Λ̂[n]), p∗ij (γ[n]; Λ̂[n]))

k

We next consider an ad hoc wireless network with six nodes
and three active data flows in Fig. 5. The location (xi , yi )
for nodes 1–6 are (0,1), (0,0), (1,1), (1,0), (2,1) and (2,0),
respectively. Supposing the reference normalized SNR γ̄ = 8
dBW, the average normalized SNR for a link ij is given by
γ̄
γ̄ij = ((xi −xj )2 +(y
2 n/2 where n = 3.6 is the path loss
i −yj ) )
exponent adopted in the simulations. The fading processes for
the links are independent and are generated from a Rayleigh
distribution with the corresponding variance γ̄ij . The routing
for each flow is pre-determined as shown in Fig. 5. To illustrate
the generic formulation in (19), we consider both multi-path
routing (for flows 1 and 3) and single-path routing (for flow
2). In addition to fusion of data flows 1 and 3, i.e., data fusion
at sensor (fusion center) 6 from sensors 1 and 2, we also allow
another data flow from sensor 1 to sensor 5. The specific form
of (19) is presented in Fig. 5 as well.
Using a stepsize s = 0.001, we run the proposed stochastic
resource allcoatin algorithms when the arrival rates a11 = a21 =

a32 = 100 Kbps and different β-fair cost functions are adopted
in (19). Fig. 6 (top) shows the resultant average sum-power,
whereas Fig. 6 (bottom) shows the individual average power
consumptions by nodes 1–4 for β=0, 4, 8, and 16. When β=0,
the most energy-efficient allocation is achieved, however, in an
unfair manner. In this case, node 1 spends much more power
than node 2. With a larger β, it is shown that slightly more
total power needs to be spent but the fairness improves. When
β=16, the nodes consume almost same average powers, with
only 4.8% more total power spent than the β=0 case. This can
certainly benefit the network lifetime.
VII. C ONCLUDING R EMARKS
In this paper we derived the optimal resource allocation
schemes that minimize the β-fair cost functions of average
powers for energy-efficient transmissions in wireless sensor
networks over fading TDMA channels. Drawing from the
stochastic optimization techniques, the proposed stochastic

1070

IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 28, NO. 7, SEPTEMBER 2010

of sensor links. In addition, the simple greedy strategy adopted
in the optimal resource allocation may also facilitate its
distributed operations. With the distributed resource allocation,
our results then readily carry over to the general ad hoc
wireless networks. This will be explored in the future work.
A PPENDIX
A. Proof of Proposition 1
The proof modifies from that for [6, Lemma 3]. To show
the wanted min-max fairness, consider the problem (3) with
a feasible set P = {p | AT p ≥ v, 0 ≤ p ≤ pmax }; namely,
we consider the following problem (P):
min
p

Fig. 4.

Evolution of Lagrange multipliers for the single-hop case.

a12

1

3

5

2

4

6

a11

a23

min ¦i 1V ( pi )
4

s. to p1 t E Ȗ > p13 ( Ȗ )  p14 ( Ȗ )@,
p3 t E Ȗ > p35 ( Ȗ )  p36 ( Ȗ )@,

p2 t E Ȗ > p23 ( Ȗ )  p24 ( Ȗ )@,

p4 t E Ȗ > p46 ( Ȗ )@,

a11 d r131  r141 , 0 d r361  r131 , 0 d r461  r141 ,
a12 d r132 ,

0 d r352  r132 ,

a23 d r233  r243 , 0 d r363  r233 , 0 d r463  r343 ,
r131  r132 d E Ȗ [c13 ( Ĳ ( Ȗ ), p( Ȗ ))], r141 d E Ȗ [c14 ( Ĳ ( Ȗ ), p( Ȗ ))],
r233 d E Ȗ [c23 ( Ĳ ( Ȗ ), p( Ȗ ))],

r243 d E Ȗ [c24 ( Ĳ ( Ȗ ), p( Ȗ ))],

r352 d E Ȗ [c35 ( Ĳ ( Ȗ ), p( Ȗ ))],

r361  r363 d E Ȗ [c36 ( Ĳ ( Ȗ ), p( Ȗ ))],

r461  r463 d E Ȗ [c46 ( Ĳ ( Ȗ ), p( Ȗ ))]
Fig. 5.

A multi-hop network with six nodes and three active links.

schemes are capable of intelligently “learning” uncertain
communication channels, and, subsequently, self-adaptively
approaching the optimal strategy on-line.
The resource allocation algorithms are assumed to be performed by the fusion center in the paper. An interesting
direction is to investigate distributed implementation of the
proposed algorithms through the optimization decomposition paradigm [7], [8]. This is possible since the proposed
stochastic resource allocation scheme can operate without the
knowledge of the (possibly jointly-coupled) fading distribution

J


Vβ (pj ),

s. to

AT p ≥ v, 0 ≤ p ≤ pmax . (27)

j=1

In wireless networks, linear constraints AT p ≥ v can be contributed by the quality-of-service (QoS) requirements; i.e., the
(sum-) power for a certain links need to be greater than a value
to support the prescribed data-flow rates. Considering these
linear constraints facilitate studying the “bottleneck” problem
relevant to the min-max fairness. The bounds 0 ≤ p ≤ pmax
are natural for physical networks.
Let p(β) denote the optimal solution of (P) for a sequence
of β → ∞. It is clear that {p(β) } is a sequence in a compact
set P, and thus there exists a subsequence βk , k = 1, . . . , ∞,
 ∈ P as
of β sequence such that p(βk ) converges to some p
k → ∞.
We next prove that p
 must be the min-max vector by
showing a contradiction otherwise. Assume that p
 is not a
min-max vector, then there exists a node i whose power pi
can be decreased with increasing other nodes’ pj that are less
than pi . Let L1 be the set of “saturated” constraints involving
node i, i.e., (AT p)l = vl , ∀l ∈ L1 ; and let L2 be the set of
other constraints involving node i. Notice that L1 cannot be an
empty set, since otherwise p
 will not be an optimal solution
for (P) because we can further decrease pi and consequently
the total power cost within the feasible set P. For each l ∈ L1
involving other nodes, there must also exist a node u(l) whose
power pu(l) is less than pi (i.e., pu(l) < pi ), and pu(l) < pmax .
Otherwise, pi cannot be decreased with increasing other pj
that are less than pi .
Now define a positive small constant δ by3

1
δ := min min {(pi − pu(l) ), (pmax − pu(l) )},
l∈L1
5

(28)
min {(AT p)l − vl } .
l∈L2

(βk )

to p
, we can find a k0 such
From the convergence of p
that for k ≥ k0 , it holds for all j,
(βk )

pj − δ ≤ pj

≤ pj + δ.

Define a sequence of vector q (βk ) with:
⎧ (β )
k
⎪
⎨pj − δ, if j = i,
(β )
k)
qj k = p(β
+ δ, if j = u(l), for l ∈ L1 ,
j
⎪
⎩ (βk )
pj ,
otherwise.

(29)

(30)

3 In (28), minimum of an empty set, if any, is defined to be a large number,
say ∞, instead of 0.
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Therefore, we have from (31)


average sum-power (Watts)

4.5
4

D(βk )

3.5

δ

−


l∈L

3

≥

2.5
2
1.5

=

1
0.5
0

0−fair

4−fair

8−fair

16−fair

2.5

average power (Watts)

=

(β )
Vβk (mi k )

Node
Node
Node
Node

2

1
2
3
4
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(βk )
Vβk (mu(l)
)

1


δ Vβk (pi − 2δ) − GVβk (pi − 3δ)



β
pi − 3δ k
βk
δ(pi − 2δ)
1−G
(34)
pi − 2δ

where G is the cardinality of L1 , and the inequality follows
(β )
(βk )
from the convexity of Vβk and the bounds on mi k and mu(l)
.
βk
But since ((pi − 3δ)/(pi − 2δ)) → 0 as βk → ∞, and (pi −
2δ)βk > 0, we must have D(βk ) > 0 for some k large enough.

This is clearly a contradiction with D(βk ) ≤ 0. Therefore, p
must be the min-max vector and the proof is complete.

1.5

B. Proof of Lemma 1
1

Let us define convenient notation

0.5

φl (τl (γ), pl (γ); Λ) := λl pl (γ) − μl cl (τl (γ), pl (γ)).

0

0−fair

4−fair

8−fair

16−fair

Fig. 6. Resultant average sum and individual powers for the multi-hop case.

It is easy to show that AT q (βk ) ≥ v and 0 ≤ q (βk ) ≤ pmax
for k ≥ k0 since we choose a small enough δ in (28). This
implies that q (βk ) is a feasible vector for (P).
Consider now the difference


(β )
(β )
0 ≥ D(βk ) =
Vβk (pj k ) − Vβk (qj k )
j

=



(β )
(β )
Vβk (pi k ) − Vβk (pi k − δ) +


(βk )
(βk )
Vβk (pu(l)
) − Vβk (pu(l)
+ δ) (31)

l∈L1

where D(βk ) ≤ 0 follows from the optimality of p(βk ) and
feasibility of q (βk ) .
(β )
From the mean value theorem, there exist numbers mi k
such that

(β )
(β )
(β )
p i k − δ ≤ mi k ≤ p i k ,
(32)
(β )
(β )
(β )
Vβk (pi k ) − Vβk (pi k − δ) = Vβk (mi k )δ.
Combing with (29), we also have
(βk )

mi

(βk )

≥ pi

− δ ≥ pi − 2δ.
(β )

k
Similarly, there exist some numbers mu(l)
such that



(β )

(βk )

k
pu(l)
≤ mi

(β )

(β )

k
≤ pu(l)
+ δ,

(β )

(β )

k
k
k
Vβk (pu(l)
) − Vβk (pu(l)
+ δ) = −Vβk (mu(l)
)δ;

(33)

and combing with (29) and (28), we have
(β )

(β )

k
k
≤ pu(l)
+ δ ≤ pu(l) + 2δ ≤ pi − 5δ + 2δ = pi − 3δ.
mu(l)

(35)

To prove the lemma, we will need the following two claims.
Claim 1: For any Λ ≥ 0, it holds that τl (γ)φ∗l (γ; Λ) ≤
φl (τl (γ), pl (γ); Λ), ∀τl (γ) ≥ 0, ∀pl (γ) ≥ 0.
Proof: Consider the following two cases:
1) If τl (γ) > 0, substituting (5) into (35) yields

pl (γ)
φl (τl (γ), pl (γ); Λ) = λl pl (γ)−μl τl (γ) log2 1 + γl
.
τl (γ)
Upon defining p̃ := p/τ , the latter can be rewritten as
φl (τl (γ), pl (γ); Λ) = τl (γ)φ̃l (p̃l (γ); Λ)
where φ̃l (p̃l (γ); Λ) := λl p̃l (γ) − μl log2 (1 + γl p̃l (γ)).
Since φ̃l (p̃l (γ); Λ) is a convex function of p̃l (γ) ≥ 0,
the optimal p̃∗l (γ; Λ) minimizing φ̃l (p̃l (γ); Λ) is given
by a water-filling formula as in (13). Substituting the
latter into φ̃l (p̃l (γ); Λ) yields the link quality indicator
φ∗l (γ; Λ) in (14). It thus holds that τl (γ)φ∗l (γ; Λ) ≤
φl (τl (γ), pl (γ); Λ), ∀pl (γ) ≥ 0.
2) If τl (γ) = 0, it clearly holds that τl (γ)φ∗l (γ; Λ) =
0. On the other hand, (35) and (5) imply that
φl (τl (γ), pl (γ); Λ) = λl pl (γ) ≥ 0, ∀pl (γ) ≥ 0. Therefore, τl (γ)φ∗l (γ; Λ) ≤ φl (τl (γ), pl (γ); Λ), ∀pl (γ) ≥ 0.
≤
Cases 1) and 2) imply that τl (γ)φ∗l (γ; Λ)

φl (τl (γ), pl (γ); Λ), ∀τl (γ) ≥ 0, ∀pl (γ) ≥ 0.
Claim 2: For any Λ ≥ 0, it holds that φ∗l (γ; Λ) ≤ 0, ∀γ.
Proof: Substituting (13) into (14) and then differentiating
(14) yields
"
 !
μl
λl
1
−
∂φ∗l (γ; Λ)
ln 2 , if γl > λl ln 2/μl
= γl γl
(36)
∂γl
0,
if γl ≤ λl ln 2/μl
∂φ∗ (γ;Λ)

and thus l∂γl
< 0, ∀γl > λl ln 2/μl . Since φ∗l (γ; Λ) is a
continuous function of γl and φ∗l (γ; Λ) = 0, ∀γl ≤ λl ln 2/μl ,
the property readily follows.

We are now ready to prove Lemma 1 based on Claims 1
and 2. With winner index l∗ (γ; Λ) defined in Lemma 1, it
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holds for each fading state γ that
L


φl (τl (γ), pl (γ); Λ) ≥

l=1


≥

φ∗l∗ (γ; Λ)

L

l=1

L


τl (γ)φ∗l (γ; Λ)



τl (γ)

≥ φ∗l∗ (γ; Λ)

l=1

where the first inequality is due to Claim 1; the second inequality is due to the definition of l∗ (γ; Λ) := arg minl φ∗l (γ; Λ);
and the third one is due to the facts that φ∗l∗ (γ; Λ) ≤ 0 from
L
Claim 2 and l=1 τl (γ) ≤ 1. Furthermore, the equality can be
achieved using the allocation (τ ∗ (γ; Λ), p∗ (γ; Λ)) specified
in (15), which is thus optimal for (12).
The almost sure uniqueness of (τ ∗ (γ; Λ), p∗ (γ; Λ)) is
implied by the fact that there is almost surely a single winner
l∗ (γ; Λ) that minimizes φ∗l (γ; Λ) per γ, provided that the
fading process has a continuous CDF. The rigorous proof for
this mimics its counterpart in our recent work [14].
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